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The authors have adapted the APOS Theory framework (Dubinsky et al 1996) in an effort to support
the mathematical learning of mature students who are experiencing difficulty in mathematics when
returning to third level (tertiary) education. APOS Theory seeks to exploit aspects of Piaget’s cognitive
development theory, in this case reflective abstraction, to promote the learning of advanced
mathematics. Interventions based on tailored instructional treatments are central to this approach. This
paper describes an instructional treatment developed by the authors that follows a mentoring approach
and uses topic maps as a tool for both confidence building and problem solving. The development of
these topic maps is discussed and the different approaches taken by individual adults are highlighted.
The aim of this paper is to demonstrate how this particular subset of adults learned an advanced
mathematical topic.
The changing economic climate in Ireland in recent years (Celtic Tiger etc) has seen a major increase in the number
of adults returning to third level (tertiary) education. These adults are enrolling in courses across a wide spectrum of
disciplines from the social sciences to engineering disciplines. Each of these courses has a mathematical content
varying in difficulty depending on the nature of the main discipline. For many adults this mathematical content is
intimidating and has a negative effect on their overall confidence and retards their progress. How important is their
perceived image of mathematics? Do preconceived images based on their own negative experiences affect the
learning abilities of adults?
A widespread public image of mathematics is that it is difficult, cold, abstract, theoretical, ultra-rational, but important
and largely masculine. It also has the image of being remote and inaccessible to all but a few super-intelligent beings
with ‘mathematical minds’ (Ernest, 1995). Many mathematicians and mathematics teachers would see their discipline
as an important means through which individuals can make sense of the world (Gates & Vistro-Yu, 2003). These two
statements would appear to contradict each other. How can something, which is conceived to be so difficult and
abstract, be used to make sense of the world? Most adults returning to third level education are faced with this
dilemma.
Benn (1994) emphasises that the approach taken by tutors is critical in how students perceive mathematics and how
they accomplish what is for some a difficult subject, both emotionally and practically. These findings are strongly
endorsed by (Bloomfield & Clews, 1994; Cann, 1999; Safford, 1994;). Cann (1999) speaks of the ‘politics of
mathematics anxiety’ and highlights the misconception of the phrase ‘naturally talented’ within academic circles.
Cann maintains that unless teachers are aware that the skills to which they owe their own mathematical
achievements are not the result of ‘natural talent’ but can be identified analysed and passed on, students are placed
in a position where information, which they require to successfully assimilate material in the style in which it is being
presented is being withheld from them. The authors do not dismiss natural talent as Cann does but agree that the
skills necessary to become competent at mathematics can be identified, analysed and passed on.
Tall (1991) describes the move from elementary mathematics to advanced mathematics as a significant transition
from describing to defining, from convincing to proving in a logical manner based on those definitions and this
transition requires a cognitive reconstruction. To date research on advanced mathematical thinking has focused on
normal age students. Issues of numeracy have driven much of the research on adults learning mathematics
(O’Donoghue, 1995, 1996, 2000, 2002; Coben & Chanda, 2000; Kaye, 2002; Maguire, Johnson, & Yasukawa, 2002).
This paper will focus on adults learning advanced mathematics. We define an adult as a student recognised by the
third level institute as a mature student. We define advanced mathematics as any mathematical topic, which is
considered too advanced to be included in the ordinary level secondary school mathematics curriculum. As a
representation of an advanced mathematical topic we have chosen vectors. The adults in this study are first year
undergraduate adults required to learn vectors in a service mathematics environment.
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The authors are attempting to adapt the APOS Theory framework (Dubinsky et al, 1996) in an effort to support the
mathematical learning of adults who are experiencing difficulty. APOS Theory seeks to exploit aspects of Piaget’s
cognitive development theory, in this case reflective abstraction (Dubinsky, 1991), to promote the learning of
advanced mathematics. Interventions based on tailored instructional treatments are central to this approach. This
paper describes an instructional treatment developed by the authors that follows a mentoring approach and uses
topic maps as a tool for both confidence building and problem solving. The development of these topic maps is
discussed and the different approaches taken by individual adults are highlighted.
This work, part of Golding’s doctoral research, is framed by APOS theory and employs interpretative approaches for
data collection and analysis to understand how adults learn advanced mathematics (vectors), and includes
mathematical life histories, reflective journals, attitudinal scales, and quantitative measures. The aim of this paper is
to demonstrate how this particular subset of adults learned an advanced mathematical topic.

The theoretical framework
The theoretical framework for our research is an adaptation of APOS theory a constructivist theory developed by the
Research in Undergraduate Mathematics Education Community (RUMEC) that deals with the way an individual
learns mathematics. The aim of RUMEC is to build on the cognitive development theories of Piaget and to apply
them to more advanced mathematical concepts. The framework for the theory has three individual components: 1)
Theoretical Analysis, 2) Instructional Treatment and 3) Observation and Assessment.

Theoretical Analysis (APOS Theory)
A theoretical analysis is an attempt to predict how a student mentally constructs the concept during the learning
process. Dubinsky et al. (1996) call this a genetic decomposition of the concept into its actions, processes and
objects. An action is described as something that a student does as a result of some external stimuli. A process can
be described as a mindset where the student can actually visualise the whole procedure without having performed
any of the action steps. If the student can reverse the process, can reflect on the process and can actually feel
comfortable with expanding and refining the process, and can see how actions could be performed on the process as
an object, then the student is said to have encapsulated the process into an object. An object can be an action at a
higher level and a collection of these objects will combine to form a schema. Fig 1 shows the mental constructions as
described in APOS theory (Dubinsky, 1991).

Figure 1. Mental Constructions

Instructional treatment (APOS Theory)
The instructional treatment is organised in what is called the ACE Teaching Cycle of Activities (Activities, Class
discussion and Exercises). Among these activities, the most important are cooperative learning and having the
students write computer code to implement mathematical concepts. Cooperative learning provides a social context in
which the students can engage in reflection and Dubinsky et al maintain that computer activities can foster the
mental constructions called for by the theoretical analysis. In addition there is an attempt to have the students
engage in active learning, to figure things out on their own rather than rely on the instructor for explanations and
information.
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Observations and Assessments (APOS Theory)
Observations and Assessments form the final part of the framework and Dubinsky et al (1996) use various methods
of data collection in this part of the theory. The most important data however is the data that allows the researcher to
analyse the student’s relationship with the material. Two sources of data are gathered for this purpose. Dubinsky et
al feel that written assessments are necessary but also use audio-recorded interviews. A student may perform well in
a written assessment without fully understanding the concept as it is described in the theoretical analysis. The
reverse scenario is also possible in that a student may have developed the proper mental constructs but fail to relate
this in a written format. A combination of different assessments in both written and interview format are deemed to be
most suitable. Qualitative analysis is done on the interview data by a team of researchers to eliminate bias and this
analysis is combined with the results of the written assessments before conclusions are made.

The research methodology
An exploratory cycle (year 1 of the project) was undertaken for two purposes, the first, was to learn about the course
material and how best to design a theoretical analysis of vectors, which would be suitable to the adults taking this
module, the second, was to observe a group of five adults as they studied vectors, to try out various methods of
instructional treatment and observation so that a definite approach could be developed for the future research. In the
exploratory cycle all five adult students were enrolled in the Science Maths 1 module. In the main study there are
eight adult learners drawn from two different service mathematics modules, Science Maths 1 (four students) and
Engineering Maths 1 (four students).
The authors are following an ethnographic approach where Golding is a participant observer. The qualitative analysis
is based on data collected using mathematical life histories (Coben, 1996, 1997; Coben & Thumpston, 1994, 1995),
personal journals (Beveridge, 1995; Pescoff, 2000; Randall, 2002) and a research journal. Other data includes
attitudinal scales, written assessments and written data in the form of topic maps. The particular focus of the data
collection and analysis for this paper was the genetic decomposition of the topic and the subsequent instructional
treatment involving topic maps.

Theoretical analysis of vector topic (Genetic decomposition)
The authors have adapted the theoretical analysis of the concept in the following way: as well as attempting to
predict how an adult might form the relevant cognitive structures in the mind, the genetic decomposition was also
used to highlight potential gaps in the knowledge of the adult that may hinder the learning experience and in some
cases may lead to anxiety. To briefly explain this we will consider a basic property of vectors that the adult is
presented with very early in their first lecture. This concerns the magnitude and direction of a vector. The following
formulae are presented to the adult as routine formulae.
→

Given a vector a in V 2
→

a

a12  a 22

T

§a
tan 1 ¨¨ 2
© a1
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The first of these formulae describes the magnitude of the vector and the second the direction angle. The genetic
decomposition of these two formulae given in fig. 2 highlights the prerequisite knowledge required so that the adult
might feel comfortable with that which they have just been presented.
The granularity of the genetic decompositions is determined by the exigencies of the situation being more or less fine
grained as required. The genetic decomposition used in this way highlights several areas which may cause confusion
and in a classroom or support workshop environment the teacher can take a definite approach and ensure that each
adult develops an understanding of the prerequisite material before moving on to the next stage. As the adult
progresses there is less need for such acute granularity as the adult will just be assimilating and accommodating new
information with the perquisite material already in place. A more in-depth analysis of this theoretical analysis features
in the author’s (Golding) research.
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Mathematical symbols

Square root properties
→
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Greek Symbols

Fractions
Inverse trig properties
Figure 2. Genetic Decomposition

Instructional treatment of vector topic
The genetic decomposition highlighted potential gaps in the knowledge of the adults that might cause anxiety so the
approach taken for the instructional treatments was a series of support workshops that would initially focus on the
prerequisite material and the use of individual mentoring within a cooperative learning environment. However during
the initial few workshops a new development changed the focus to the use of topic maps. One of the authors
(Golding) in the role of support teacher used a topic map for demonstration purposes in a workshop when some of
the adults were feeling that they were struggling and not coping as well as the normal age students. The result of this
action was that one of the adults started to develop her own topic map to see what she had learned. When the
authors were presented with this topic map shown in fig 3 it was felt that others might benefit from using a similar
strategy. Originally the use of a topic map was seen as a tool for observation and assessment where an adult’s
concept image of vectors could be analysed. The authors now feel that topic maps can be used as part of a
successful instructional treatment that can initially build confidence, and later be used as a problem-solving tool and
finally as a revision tool for exams.
To demonstrate how a topic map may be used to build confidence, the authors will now present some of the
feedback from the adults involved in the research. The authors are aware that self-confidence is a personal emotion
and that any generalization to the whole population of adult learners must be treated with caution.
The author (Golding) is the person referred to as, “the tutor” in the following quotes.
Mike’s journey
Mike is a 34-year-old married man with two children. He grew up in South Wales and moved to England when he
was 12. He left school with no exams when he was 15 to start work in a local factory in Bristol. His parents believed
as long as he had a trade his school education was not important. Since leaving school he has completed a number
of courses including an IT Diploma, Business management course, National Certificate in Electrical and Electronic
Engineering and he attended a Higher National Diploma in Electrical and Electronic Engineering, however he did not
complete this final course due to family health problems. Mike returned to college in Ireland to do an undergraduate
degree in manufacturing engineering because he wanted to get the qualification that would further his business and
career and finally kill the gremlins that have bothered him for so long. Mike’s journey is interesting in several respects
and his own account is presented verbatim in appendix 1.

123

Fig 3. Topic Map

Figure 4. Mike’s Topic Map
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Mike went on to recall his emotions during his end of semester exam. He had previously panicked in the midterm and
as a result was very wary this time.
Back to the exam and the paper arrived and I took a quick look over it. OK I am nervous but not like the last
time, I realise that I won’t be dead if I get it wrong. I look at the question on vectors, oh god this is not like the
ones I practiced, I CANT DO IT… everything going a bit hazy now, STOP we really spent a lot of time going over
this stuff with the tutor. Take a few deep breaths and read the question again. What is it asking me to do? I can
see it, like a light bulb has just come on over my head. How do I represent this on the script? Think of the topic
map; just follow the links you learnt at the workshops. This is working. I am answering the question, I CAN DO
IT… I have taken a long time to do the question but I actually know that it is correct and I am starting to feel
invincible. I move on to the next question. I can do this one I can do the next too. [Mike, interview]

Jenny’s Journey
Jenny is a qualified primary school teacher who has decided to return to college to do an undergraduate degree in
mechanical engineering. Unlike Mike, Jenny has had a relatively normal education with no interruptions and was
encouraged to do well by her parents. She finished secondary school with higher-level mathematics. Jenny’s own
account is presented verbatim in appendix 2.

Figure 5. Jenny’s Topic Map

Jenny went on to emphasise her difficulty with knowledge retention.
I can’t believe it. I’m so disappointed. A fat lot of good it is to wake up at 5am knowing how to complete the
blasted vectors question the night the exam is finished – especially when I’ve another exam today. [Jenny,
interview]

Discussion
The two adults quoted in the previous section come from completely different backgrounds. Mike worked as an
engineer without the formal qualifications. He has his own business yet lacked many of the basic mathematical skills
that most undergraduate students would take for granted. As a result his confidence levels were at an all time low at
the beginning of the course. He had a further setback in the midterm exam where he panicked and this almost
resulted in him leaving the course. His quotes in the previous section and appendix 1 show how with the use of a
topic map Mike’s confidence levels increased as he was able to view mathematics in a similar way to how he views
an engineering problem. He was able to build a picture that made sense to him. Also when he was panicking in the
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exam he was able to refer back to his topic map and follow the links. Mike has clearly shown evidence of having a
more positive approach and now feels that he has a coping strategy that he can build on for the future.
Jenny comes from the other end of the spectrum. She has the necessary mathematical background but finds it
difficult to follow the lectures and has problems retaining information and making the appropriate cognitive
connections. With the use of the topic map she was able to structure her understanding of the concept in a way that
made recalling the information at a later stage more manageable. Her use of the topic map is quite different from that
of Mike and is not as detailed as the gaps in her mathematical knowledge are not so obvious. Both feel that they
have benefited greatly as a result of using them. The other adults involved in the research experienced similar
feelings of enhanced confidence.

Conclusions
The authors are satisfied that APOS Theory has potential for framing studies in adult mathematics learning. In
particular there is scope for improving our understanding of how adults learn mathematics using genetic
decomposition and instructional treatments based on the genetic decomposition. In this paper the authors have
demonstrated how topic maps may be used as an element of an instructional treatment for adults learning advanced
mathematics. The original idea of the genetic decomposition (Dubinsky et al, 1996) was an attempt to predict how
the concept may be formed in the mind of the learner. We have taken this process further and used the genetic
decomposition as a tool for highlighting potential gaps in the mathematical knowledge of the adults. On the other
hand the adult learners have used the topic maps as study aids, as a problem-solving tool and as an exam revision
tool.
While the authors do not suggest that this approach will work for every adult learner, there is enough evidence to say
that for the adults involved in this study, confidence levels did improve, attitude to mathematics did improve and
these factors impacted favourably on their mathematical ability.
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Appendix 1 (Mike’s verbatim account)
When we were learning vectors, the tutor showed us how to build a topic map. He felt it might be a useful way of
connecting things. Topic maps helped me to understand that any given problem in maths is just a process or
sequence of events that are logical, once the black arts and the idea that you needed a super brain were removed,
the method of tackling a maths problem was just a case of memorising techniques. The first step is to have
someplace to start, for vectors; I had no idea what a vector was before UL. Once the initial instruction was given I
knew that a vector was something that could represent a quantity that had magnitude and direction. At this stage this
was just words and meant little else.
The topic maps turned the words into a picture. From this very simple picture I was able to understand exactly what
was going on. In my mind a picture really does say a thousand words and from here I was able to deepen my
understanding of what a simple line with magnitude and direction could do.
For the first time I am able to see the problem as having mechanical parts and components and the map helped me
build a picture like constructing a machine or a building and I could see what I had, but more importantly I could see
what was missing from the plan. When the topic map was complete I was confident I had the components and the
tools I required to tackle any problem that consisted of vectors. For the first few problems, I needed to construct
topic maps and reproduce from memory the same maps on paper to guide me through the problem. Now I just see
the information and whilst it is still in the form of a picture I no longer need to copy it out on paper. I have used this
technique in other subjects too, for example chemistry and material sciences when a number of formulas are
required. Even where the information is not numerable like note taking I use the mapping method as my aid and have
found it to be a very useful tool to acquire, memorise and understand information whatever the form. I found the
topic maps particularly advantageous for exam preparation.

Appendix 2 (Jenny’s verbatim account)
What a dog’s dinner the lecturer is making of vectors. Thankfully we did them already in mechanics otherwise I
wouldn’t have a clue. She’s almost confusing me and I know how to do these. No wonder I was so lost in
September and October and November – come to think of it where am I?
We went through vectors again in the mature students’ group, as some of them don’t do mechanics so consequently
don’t know how to do them. I have a slightly different approach to them than our tutor but both approaches work. He
used a cross between the K.W.L. (what you know, what you want to know, what you’ve learned) and the layout of the
brainstorming method (spider’s web/chain of thought) of teaching them. He calls it a topic map. It’s not dissimilar to
the ‘reminder’ posters I used stick on the wall after teaching certain topics or when the class had to summarise, for
example, Romans on A3 sheets.
He has asked us to do one for ourselves, as we all approach the same topic from completely different directions.
You definitely learn more if you have to research, understand and then put into your own words in order to display
something – especially if it is in front of peers.
It’s amazing to actually see the links between the different aspects of vectors. I knew they were there but some of
the links were a tad tenuous. I don’t retain information when it’s just given to me verbally and not repeated over and
over. The best way for me is either the good ol’ Montessori method (to figure it out for myself), or have someone tell
me, go through the intricate ins and outs slowly and then watch over me while I do example after example.
This is a faster method. Now the links and, more importantly, the relevance of vectors are ingrained on my brain.
This is going to be extremely handy when I’m revising vectors for the exam. As soon as I move on and study a
different module I completely forget about maths. Consequently when I come back to maths I almost have to figure it
out again from the very start – kind of like having to revise the start of a chapter again before being able to continue
it. It’s a personal consolidation tool that will be of huge benefit and a great time saver when I start to revise.
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