
 
 
 

 
 
 

Adults Learning Mathematics 
 

An International Journal 
 
 

Chief Editor 
Javier Díez-Palomar 

 
 
 
 
 

Volume 7(2) 
December 2012 

 
 

ISSN 1744-1803 
 
 
 
 
 
 
 
 
 

 



ALM International Journal, Volume 7(2), pp. 4 
 

 

Adults Learning Mathematics – An International Journal 2 

Objectives 
 

Adults Learning Mathematics – An International Research Forum has been 
established since 1994 (see www.alm-online.net), with an annual conference and newsletters for 
members. ALM is an international research forum bringing together researchers and 
practitioners in adult mathematics/ numeracy teaching and learning in order to promote the 
learning of mathematics by adults. Since 2000, ALM has been a Company Limited by 
Guarantee (No.3901346) and a National and Overseas Worldwide Charity under English and 
Welsh Law (No.1079462). Through the annual ALM conference proceedings and the work of 
individual members an enormous contribution has been made to making available theoretical 
and practical research in a field, which remains under-researched and under-theorised. Since 
2005 ALM also provides an international journal. 
 
Adults Learning Mathematics – An International Journal is an international refereed 
journal that aims to provide a forum for the online publication of high quality research on the 
teaching and learning, knowledge and uses of numeracy/mathematics to adults at all levels in a 
variety of educational sectors. Submitted papers should normally be of interest to an 
international readership. Contributions focus on issues in the following areas: 
· Research and theoretical perspectives in the area of adults learning mathematics/numeracy 
· Debate on special issues in the area of adults learning mathematics/numeracy 
· Practice: critical analysis of course materials and tasks, policy developments in curriculum and 
assessment, or data from large-scale tests, nationally and internationally. 
 
The ALM International Journal will be published twice a year. 
ISSN 1744-1803 
© Adults Learning Mathematics – An International Research Forum (2006) 
 
Editorial Team: 
 
Dr. Javier Díez-Palomar, Universitat de Barcelona, Spain [Chief Editor] 
Dr. Anestine Hector-Mason, American Institutes for Research, Washington, DC, USA [Editor].  
Katherine Safford-Ramus, Ed. D., Saint Peter’s College, Jersey City, New Jersey, USA  
Dr. Chris Klinger, University of South Australia, Adelaide, Australia 
Kees Hoogland, APS - National Center for School Improvement, Utrecht, the Netherlands 
 
 
Editorial Board: 
 
Prof. Alan Bishop, Monash University, Melbourne, Australia 
Prof. Marta Civil, University of Arizona, U.S. 
Prof. Diana Coben, Kings College London, UK 
Dr. Jeff Evans, Middlesex University, London, UK 
Dr. Gail FitzSimons, Monash University, Melbourne, Australia 
Prof. Gelsa Knijnik, Universidade do Vale do Rio dos Sinos, Brazil 
Prof. John O’Donoghue, University of Limerick, Ireland 
Prof. Wolfgang Schloeglmann, University of Linz, Austria 
Prof. Ole Skovsmose, Aalborg University, Denmark 
Dr. Alison Tomlin, Kings College London, UK 
Prof. Lieven Verschaffel, University of Leuven, Belgium 
Prof. John Volmink, Natal University Development Foundation, Durban, South Africa 
Prof. Tine Wedege, Malmö University, Malmö, Sweden



ALM International Journal, Volume 7(2), pp 3  
 

Volume 7(2) – September 2012 3 

Adults Learning Mathematics – An International Journal 
 
 
 
 

In this Volume 7(1) 
 
 
Editorial 
Anestine Hector-Mason and Javier Díez-Palomar 
 

4 

Building Understanding and Fostering Empowerment Through Technological 
Interactions 
Lauretta Garrett 
 

7 

Adult Students’ Learning Behaviors in the College Mathematics Classroom 
Amiee Tennant 
 

23 

Procedural and Conceptual Knowledge: Adults Reviewing Fractions 
William J. Baker, Bronislaw Czarnocha, Olen Dias, Kathleen Doyle and James R. Kennis 
 

39 

 
 
 



ALM International Journal, Volume 7(2), pp. 4-6 
 

 

Adults Learning Mathematics – An International Journal 4 

 
 
 
 

Editorial 
 
 

Anestine Hector-Mason 
American Institutes for Research 

Washington, DC, USA 
ahector-mason@air.org 

 
Javier Díez-Palomar 
Universitat de Barcelona 

Barcelona, SPAIN 
jdiezpalomar@ub.edu 

 
We are very pleased to introduce a new issue of Adults Learning Mathematics: An International 
Journal. During the last months, many different articles have been published in the field of adult 
mathematics education. The themes and topic emerging from those articles relate to discussions 
about how adults develop number sense as approximate estimation of quantity or as exact 
calculation (Castronovo, & Goebel, 2012); women’s sense of belonging to the math domain 
(Good, Rattan, & Dweck, 2012); the role of selective attention from a cognitive neuroscience 
perspective (Stevens, & Bavelier, 2012); the costs of switching from one language to another 
when learning mathematics (Grabner, Saalbach, & Eckstein, 2012); management of intellectual 
disability using cognitive strategies with adult learners (Hua, Morgan, & Kaldenberg, 2012; 
Gregg, 2012); impact of mathematics within vocational educational programs, especially in the 
line of work started by Diana Coben related to health and numbers (de Miranda, P.R., Gazire, 
E.S., 2012; Yin, Sanders, & Rothman, 2012); among many others. This brief taste of the 
research conducted within “our” field denotes increasing interest about how adults learn 
mathematics, and broad efforts to improve adults’ performance in mathematics.  

The current discussions about this topic highlight the need to better prepare adults (and 
children) for the requirements of a world in which cognitive skills and core workforce 
competencies play a crucial role in employability and mobility in the workforce. Ten years ago 
Lyn English (2002) discussed the need for members of our society to improve basic math skills, 
given the increasing importance of mathematics in our “ever-changing global market.” Ten 
years later, in 2012, with the recent advances in technology and our current workforce needs, we 
see the value of this call of increased capacity in mathematics.  Mathematics literacy is critical 
to workforce success, and more research is needed in adult numeracy in general to understand 
the cognitive and socio-cultural processes involved in the development of numerate thinking 
among adults.  

The first article in this issue, “Building Understanding and Fostering Empowerment 
Through Technological Interactions” introduces a case study of a teaching experiment in which 
the author (Lauretta Garrett) explores the impact of Information and Communication 
Technology (ICT) to foster learning of mathematical representations possessed by adult 
developmental mathematics students. Drawing on the work of Campbell (2003), Garrett 
provides some evidence suggesting that using ICT in an appropriate manner may help adult 
learners to better understand standard mathematical representations (coming out from the 
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algebra field). With this work, Garrett contributes to efforts to open new ways for improving 
adults’ learning experiences.  

The next article, “Adult Students’ Learning Behaviors in the College Mathematics 
Classroom” moves the attention of the reader to another field of adult mathematics education: 
the college. In this piece Amiee Tennant introduces two stories from two adult students in a 
mixed-age college mathematics course. Drawing on their participation within classroom 
discussions, Tennant explores the impact of what it means “to be a successful student in 
mathematics.” Tennant points out that student participation and engagement in mathematics 
depends on their familiarity of the material presented by the teacher in the classroom. Tennant 
provides evidence confirming the influence of personal feelings and social representations on 
learners’ approach to mathematics learning. Through the two cases presented, Tennant describes 
how having fear of appearing ignorant, or feeling discomfort in the classroom, can hinder 
student participation, and makes learning difficult for them. 

The last article extends the seminal work by Kieren (1976) on fractions to the realm of 
mathematics adult education. The authors (William Baker, Bronislaw Czarnocha, Olen Dias, 
Kathleen Doyle, and James Kennis) analyze how college students address fractions, which is 
often considered to be one of the harder subject areas, in a pre-algebra course. Building on their 
prior knowledge of the topic, the authors explore the case of fraction as operator and measure 
through multiplication and addition of fractions. Using a quantitative approach to the data 
collected, they discuss two different approaches to analyze how adult learners develop 
competence in fractions: the direct extension of part-whole knowledge (in line to Kieren-Behr 
model), and the corresponding procedural knowledge of multiplication and addition of fractions 
(APOS-model). The authors conclude that part-whole knowledge and procedural proficiency are 
separated pathways that complement each other in improving learners’ achievement on tasks 
based on operator and measure. The authors found that the Developmental Approach works 
better for adult learners than the Educational Approach, which appears to be the opposite trend 
in the case of the children. What’s clear from this study is that adult learners prefer to draw on 
processes to understand mathematical concepts, rather to focus on the concepts as part of a 
whole body of knowledge (fractions).  

Starting from three different research interests, the authors in this issue of the ALM 
Journal provide three examples of how adult learners grow to comprehend mathematical 
concepts. Studies like the ones included in this journal are important, and help to build on 
established knowledge in the field which stress that adult learners have their own approach to 
learning (Flecha, 2000) as well as vast experiences with mathematics that many not necessarily 
reflect the mathematics presented in more formal contexts like that in the classroom. Given 
what is already known, and what we are continuing to discover about adult mathematics 
development, it is important to state that adult education teachers or math education teachers 
and facilitators need to promote instructional practices that build upon the vast background and 
experiences of the students they serve.  

During the last decade, the focus in the field of mathematics educational research has 
moved towards students’ results (OECD, 2009) and teachers’ practices (Adler, Ball, Krainer, 
Lin, & Novotna, 2005; Sfard, 2005). Mathematics practitioners and researcher are becoming 
more and more concerned about student performance to ensure that more adults are prepared for 
a 21st century workforce. International studies (OECD, 2009) reflect attention to performance in 
reading, writing and mathematics skills. At the same time, adults need to be able to demonstrate 
mathematical competence to succeed in the 21st century job market. As important as 
mathematics is in society, it is clear that teaching mathematics to adult learners is not an easy 
task. There is a need for a deeper understanding of how the process of teaching mathematics to 
adults really work. In this sense, the three articles in this issue of our journal contribute to the 
further development of the field of adult numeracy – a contribution that is anticipated to have 
important classroom and societal impact. We are glad to invite readers to the discussion.  

 



ALM International Journal, Volume 7(2), pp. 4-6 
 

 

Adults Learning Mathematics – An International Journal 6 

 
References 

 
Adler, J., Ball, D., Krainer, K., Lin, F. y Novotna, J. (2005). Reflections on an Emerging Field: 

Researching Mathematics Teacher Education. Educational Studies in Mathematics, 60, 359-381. 
Campbell, S. R. (2003). Dynamic tracking of elementary preservice teachers' experiences with computer-

based mathematics learning environments. Mathematics Education Research Journal, 15(1), 70-82.  
Castronovo, J., and Goebel, S.M. (2012). Impact of High Mathematics Education on the Number Sense. 

PLOS ONE, 7(4). DOI: 10.1371/journal.pone.0033832.  
de Miranda, P.R., Gazire, E.S. (2012). Health and Numbers: a Successful Partnership. BOLEMA – 

Mathematics Education Bulletin – Boletim de Educaçao, 26(42B), 609-626.  
English, L. (2002). Handbook of International Research in Mathematics Education. Hillsdale, NJ.: 

Lawrence Erlbaum Associates.  
English, L. (2008). Handbook of International Research in Mathematics Education. Second Edition. New 

York: Taylor and Francis.  
 
Flecha, R. (2000). Sharing words. Theory and practice of Dialogic Learning. Boston: Rowman & 

Littlefield Publishers. 
Good, C., Rattan, A., and Dweck, C.S. (2012). Why Do Women Opt Out? Sense of Belonging and 

Women’s Representation in Mathematics. Journal of Personality and Social Psychology, 102(4), 
700-717.  

Grabner, R.H., Saalbach, H., Eckstein, D. (2012). Language-Switching Costs in Bilingual Mathematics 
Learning. Mind Brain and Education, 6(3), 147-155.  

Gregg, N. (2012). Increasing Access to Learning for the Adult Basic Education Learner With Learning 
Disabilities: Evidence-Based Accommodation Research. Journal of Learning Disabilities, 45(1), 
47-63. DOI: 10.1177/0022219411426855   

Hua, Y., Morgan, B.S.T., and Kaldenberg, E.R. (2012). Cognitive Strategy Instruction for Functional 
Mathematical Skill: Effects for Young Adults with Intellectual Disability. Educational and 
Training in Autism and Developmental Disabilities, 47(3), 345-358.  

OECD. (2009). PISA 2009 Results: What Students Know and Can Do. Retrieved from: http://dx.doi. 
org/10.1787/9789264091450-en 

Sfard, A. (2005). What could be more practical than good research? On mutual relations between research 
and practice of mathematics education. Educational Studies in Mathematics, 58(3), 393 – 413. 

Stevens, C., and Bavelier, D. (2012). The Role of Selective Attention on Academic Foundations: a 
Cognitive Neuroscience Perspective. Developmental Cognitive Neuroscience, 2(1), S30-48.  

Yin, H.S., Sanders, L.M., Rothman, R.L., et al. (2012). Assessment of Health Literacy and Numeracy 
Among Spanish-Speaking Parents of Young Children: Validation of the Spanish Parental Health 
Literacy Activities Test (PHLAT Spanish). Academic Pediatrics, 12(1), 68-74. 



Garrett, L. (2012).  Building Understanding and Fostering Empowerment Through Technological 
Interactions. Adults Learning Mathematics: An International Journal, 7(1), 7-22.  

Volume 7(2) – September 2012 7 

 
 

Building Understanding and Fostering Empowerment Through 
Technological Interactions 

 
 

Lauretta Garrett 
 

Mathematics Department 

Tuskegee University 

<garrettlauretta@gmail.com> 

 

 
 
Abstract 
This case is part of a teaching experiment that sought to provide insight into how the use of 
mathematics technology affects the internal mathematical representations possessed by adult 
developmental mathematics students. Sequences of dot patterns were examined and analyzed by 
the participant. He then used the algebraic features of a dynamic, interactive geometry software 
program to graph data describing the functional relationships present in those patterns. Insights 
about the effect of technological representations on adult students’ thinking can be gained from 
observations of the subject’s investigations of that data. Results show that appropriate use of 
technology can aid adult students in building an understanding of standard representations that 
is based upon their own thinking and their own choices. 

   

Key words: mathematics technology, representations, empowerment 

 

 
Introduction 

Epper and Baker (2009) noted that although the use of technology may be critical to the success 
of adult mathematics’ students, technological innovation has outpaced evaluation. Technology 
as it is used may only be fostering superficial knowledge (Caverly et al., 2000). The results of a 
recent teaching experiment show that adult learners, even those whose numeracy may appear to 
be considerably challenged, can use technological representations not only to work through 
misunderstandings, but also to build valid new internal representations of mathematics. Such 
representations may best be built if work occurs within the student’s zone of potential 
construction (ZPC) which describes the potential students have to change their own 
understanding as a result of mathematical interactions (Norton & D’Ambrosio, 2008). The 
research was influenced by the work of Campbell (2003), who examined the use of dynamic 
tracking of students’ computer interactions. It was also influenced by Falcade, Laborde, and 
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Marotti’s (Falcade, Laborde, & Mariotti, 2007) examination of dynamic geometry software for 
the study of ideas related to functions. Inspired by Kaput’s (1994) vision of technology’s 
potential to increase all students’ access to abstract mathematical ideas, the study sought to 
determine how dynamically connected representations might provide adult developmental 
mathematics students with greater access to standard representations. In this instance, the 
technological instruction that was presented allowed one subject, Marlon, to make his own 
choices as to the dynamic interactions he would undertake with standard representations of 
functions. The discussion of what Marlon experienced will be prefaced by a brief look at some 
aspects of the methodology used for this study.  

 
Methodology 

Subjects were recruited from Harrisville State University (HSU), a mid-sized university in the 
Southern United States serving a large developmental mathematics population consisting of 
adult learners as well as recent high school graduates who needed additional study in order to be 
prepared for college level mathematics work. Data collection occurred at HSU as well. The 
researcher conducted open recruitment, placing flyers around campus and entering the 
classrooms of HSU teachers in order to recruit students. Three subjects were selected, two of 
whom finished the teaching experiment. This article describes a case study of one of those 
subjects, Marlon, a 53-year-old African American male enrolled in his second developmental 
mathematics course. He had some experience with computer aided instruction, but not with the 
software used for the study, Geometer’s Sketchpad 4.07S (Key Curriculum Press, 2006). An 
initial interview provided insight into his mathematical thinking and experience. This interview 
included the presentation of patterns of shapes and dots upon which a discussion of functions 
could be built. Figure 1 shows the two tasks used in the initial interview.  

 
Looking at patterns 
Study the pattern below and tell me everything you notice about it. 

 
Looking at dot patterns 
Study the pattern below and tell me everything you notice about it. 

 

 
Figure 1. Tasks used in initial teaching experiment interview 

 

The initial session was taped with two recordings, one view focused on the subject’s work on 
paper and one view focused on the subject and interviewer. The later sessions in which the 
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technology was introduced were taped with three recordings, adding a view of the computer 
screen to the other two views. Marlon participated in 7 total sessions. He explored “Looking at 
dot patterns” further, and was introduced to a follow up activity,  “Another dot pattern”, seen in 
figure 2. 
  

Another dot pattern 

 
Figure 2. The additional representation of a functional relationship given to Marlon to explore 

 

Marlon’s technological explorations included graphing coordinate points, graphing data points 
representing “Another dot pattern”, and making observations and predictions. He tried different 
options from the functions menu in order to graph a line passing through the coordinate points 
and tested ideas he was building about functions. He also followed instructions to create a 
dynamic representation that included a movable measured point, which was attached to the 
graph of function and generated a table of values. He was encouraged to create a table of values 
on paper representing the dot pattern, to graph those points, and to try to find the function that 
would pass through those points. The experiment, however, was not an intervention and he was 
allowed to make his own mistakes and discoveries so that the potential impact of the technology 
on his learning could be examined. Following is an examination of some of the events that 
occurred and the ideas that emerged as that process unfolded. Interview protocols for the semi-
structured interviews may be found in Appendix A. Note that addition questions based on the 
subjects’ thinking are part of those protocols.  

 

Results 
The evidence described below will show that Marlon possessed algebraic and graphical 
misconceptions that were interfering with his progress. It will also show that as he explored the 
representations, he was able to observe patterns, make sense of what he was seeing, and use 
technology became an aid for his reasoning. His use of technology appeared to eventually affect 
his internal representations, as evidenced by his statements and the coordinated gestures and 
mouse movements used to illustrate them, which were referred to as indicative movements. He 
appeared to gain a better understanding of standard representations and greater mathematical 
empowerment. Following is a closer look at some of these results, beginning with a description 
of a misconception that emerged about the representations of functions and coordinate points. 

 

Function and coordinate point confusion 

Marlon consistently confused the representations of coordinate points and the representations of 
functions. This was most commonly exhibited in his tendency to enter the function y = a + b in 
his attempt to graph a function which would pass through the point (a, b). His confusion was 
also manifested in his representation of a coordinate point as a sum. When I asked him to 
represent the point (0, 9) after its location was identified on a graph, he wrote 0+9. Following is 
part of that exchange.   
 

Interviewer:     What would the coordinates of that point be? [His cursor is at (0, 9)] If I were to 
ask you to put that point into a table . . . what would the table values be for that 
point?  
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Marlon:             Okay . . . I would say um that x is going to be a negative 9. [He has given the x-
intercept of the graph of the line rather than the coordinates of the point on that 
line which is being indicated. Interviewer gives him a clean sheet of paper]  

Interviewer:      Okay what would the table values for that point be?  
Marlon:             Especially when they’re intersecting the x and the y axis.  
. . .  
Marlon:             I would say that the x-axis [writes x on the paper] is equal - is a negative 9.  
Interviewer:      How do you know what the - if we’re just looking at that place where the arrow 

is pointing right now, [referring to the position of the cursor] that point right 
there, . . . what would the table, . . . right at x and y 

Marlon:            Oh, that would be zero, that would be zero, nine, so that would be zero plus 9    
[he writes 0+9] 

Interviewer:    How would you write it in a table? Write it as if it were in a table.  
Marlon:            In  a table so um it’d be here , zero , plus 9 [he creates an x, y table and enters 0 

in the x column and +9 in the y column] That’d be my table.  

 

Figure 3 shows what Marlon wrote as he made these statements. When I asked him to write the 
same idea as if it were in a table, he said, “In a table . . . it’d be here, zero, plus nine” and 
entered 0 in the x column and +9 in the y column.  

 

 
 

Figure 3. Marlon’s representations of the point (0,9) 

 

Technology as an aid to reasoning  
In spite of his misconceptions, Marlon had exhibited ability to reason in his initial interview. As 
he learned to work with technology, it started to become a reasoning tool. Some of Marlon’s 
interactions with the technology in session 4 seemed to indicate that he was beginning to reason 
logically based on the technological representations he was seeing. During session 4 he was 
asked to make predictions about the number of dots in the 20th, nth or xth pattern. Later he was 
introduced to the functions menu and encouraged to try the functions menu, using x as a 
variable and to try creating a function which would pass through the data points. Once he had 
graphed coordinate points for “Another dot pattern” up to (9, 10), he was asked to explain what 
was happening and where the next point would be located. He correctly located the point (10, 
11) before graphing it and without directly referring to the x and y-axis until asked how he knew 
where it would be. Soon after this, he described the pattern he was seeing and gave the location 
of the next point, (11, 12), before graphing it. He described what he understood about the 
pattern of points, noting that “I’m going from the middle point all the way up and I’m also 
going to stay in my positives because I’m in my x-axis in the positive numbers and these are all 
positive numbers here that I have.” As he said they were all positive numbers, he gestured along 
the paper copy showing the step numbers and numbers of dots which described “another dot 
pattern.” He accurately predicted the location of the next point in the pattern, stating that “If I’m 
going to plot in the second one, the next one . . .  if I plot my next one here . . . its 10, 11 so 11, 
12, is actually going to, it should be here. And there it is.” Later when I asked him to predict 
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where the point (20, 21) would be, his indicative movements went along the x-axis to 21, and 
then to the general area where the point is actually located. He then made a precise prediction 
based on the locations of 20 and 21 on the x-axis and the y-axis. The use of technology allowed 
him to make and follow up on mathematical predictions and so aided him in his reasoning about 
mathematical patterns. With some facilitation in the form of guiding questions as described 
below, he was also able to use the technology to make progress in recognizing and clearing up 
some of his misconceptions.  

 

Using technology to reveal and clear up misconceptions 
During the fifth session, he explored ideas he had been exploring previously, and was 
encouraged to test ideas he had been building about functions. As part of that recall and 
exploration, I asked him to remember the function he had found in a previous session that 
produced a graph that passed through his data points. He could not remember what that function 
was, and in his efforts to remember, his confusion over the representations for coordinate points 
and functions interfered. For example, he opened the function menu. He knew that the function 
had to pass through the point (1, 2) and so he had graphed f(x) = 1 + 2, as can be seen in Figure 
4 below.  Since the graph did not travel in a diagonal line through the points, he tried another 
function. He looked at the currently graphed point which was farthest to the top and right of the 
graph at that time, (8, 9), and graphed g(x) = 8 + 9.  This graph turned out to be out of the 
viewing window, and he had to change the scale of the graph to see where it was. He did this 
himself with no facilitation after he had done some additional exploration which had produced 
an h(x) = 8 + 9 and the equation 1 +2 = 3. When he finally saw the graph he said “I’m getting a 
straight edge again here” and indicated 1+2 = 3 and then the graph of g(x) = 8 + 9 with his 
mouse. When I asked him where the graph of g(x) = 8 + 9 had come from, he at first replied 
“this last one I just put in” and indicated 1 + 2 = 3, then said “as you were” which was a phrase 
he commonly used when he realized something was wrong. He then counted to see that g(x) 
crossed the y-axis at 17. I asked him “Where might 17 come from?” This was genuinely 
puzzling to him, and he wondered aloud “How did I get 17 in there?” I asked him if there was 
anything on the screen that might give him 17. The situation at the time he responded is 
illustrated through the image presented in Figure 4, which is followed by his statements.  

 

 
Figure 4. These portions of a screen shot show the situation at the time Marlon was asked to consider 

why the graph of h(x) = 8 + 9 might have been placed at y = 17. 
 



Garrett, L. Building Understanding and Fostering Empowerment Through Technological Interactions. 
 

 

Adults Learning Mathematics – An International Journal 12 

Marlon:            [he put the cursor at h(x) = 8+9 then moved it down toward the bottom of the list 
between q(x) =x+9 and 1+2=3] Ummmm, [He moved the cursor back up the 
list and then to 1 + 2 = 3] I don’t see, I mean, that would give me 17. How’d I 
get that one there? [Cursor near 1+2=3 and q(x) = x + 9] And this is the, this is 
the same -similar to the one that I gave down here [cursor at (0, 3)] through 3. 
Okay [cursor to 1 +2 =3, cursor up to h(x) = 8 + 9]. Oh, not unless these added 
together. 

By looking at the multiple representations presented by the technology, he realized that in the 
functional notation f(x) = a + b, those two numbers were in fact added together to determine 
where the graph would be located, and were not representative of the two numbers describing a 
coordinate point, which was the way he had been trying to use them to graph the function. The 
location of the graph of h(x) = 8 + 9 in a different place than he expected it to be revealed the 
misconception and examining the different representations present helped clear up the confusion. 
Even though the representation 1 + 2 = 3 was not the functional representation which matched 
the graph which passed through (0, 3), the presence of that representation may have been 
important to his building an understanding that “these added together.” Though he appeared to 
be learning, it was not always clear what changes were taking place in his internal 
representations.  

 

Internal representations 
One of the goals of the study was to determine the effect of technological representations on the 
subject’s internal representations of mathematics, which are those mathematical forms that exist 
within the subject’s mind (Goldin, 2003). As the study progressed, and it became clear that my 
time with Marlon was growing short, I decided to give him a more dynamic representation in 
the last session which might build on what he had been experiencing and affect his internal 
representations in some way. The activity described below presented him with a prescribed set 
of technological instructions, since this would introduce a new feature of the technology, and I 
wanted the technological steps to be clear. Even though the steps were described, he still needed 
some help in interpreting those instructions, for example confusing the selection arrow tool with 
the point tool (perhaps because it points to things). A copy of the activity as provided to Marlon 
is found in Appendix B.  

Marlon’s explorations to that point had led to his speculation that functions of the form f 
(x) = x + b cross the x-axis at y = b. The activity called for him to put a sliding point on the 
graph of f(x) = x + 9, create an electronic table of values to track where the point was located, 
and eventually animate the point. Once the representation was created, he was free to study it 
and make observations. Marlon’s language about what he was seeing seemed to change from 
the language he had previously been using. During the study he had at first focused on the y-
intercept of the graph. He then noticed some other locations where the graph intercepted other 
parts of the xy plane. After seeing the dynamic representation, he said: 

When it was sliding up and down, it was actually giving me these different locations [cursor 
to table and then graph] where it was crossing over the line. Every single one was giving . . . 
in this case here x and y [cursor from line to table] . . . . So all of these here are actually on 
this particular connected. 

His mention of “different locations where it was crossing over” seemed to connect to his 
previous explorations. The rest of his meaning was unclear. When I asked him what he was 
trying to describe, he said “The whole line itself.” It seemed that his understanding of the graph 
had moved to a new level. The sliding point and its accompanying table seemed to have helped 
him to consider the idea of the entire line – an idea conceptually beyond the multiple points he 
had noticed previously. This is supported by his statement that:  



ALM International Journal, Volume 7(2), pp 7-22  
 
 

Volume 7(2) – September 2012 13 

The whole line comes from actually . . . connecting all the different points in a straight line, 
connecting every last one . . . because they (were) plotted and they all . . . intersected each 
other. 

His internal representation seemed to have gone beyond a focus on the y-intercept and 
“intercepts” of other lines which the graph of f(x) crossed. He now seemed to consider the entire 
line as a collection of connected points. The phrase “every last one” in particular seems to 
indicate that his thinking may have been broadened and gone beyond the idea of “crossing 
over.” The following section the use of technology in understanding and using standard 
representations.  

 

Technology as an aid in the use of standard representations  
In addition to building his internal representations, technology was also an aid in the use of 
standard representations in Marlon’s work on an occasion when he was trying to find a function, 
which would pass through the data points he had graphed for “Another dot pattern.” He had 
tried r(x) = x + 2, and I asked him to think about what he had done.  

 
Marlon:           Okay so now what I did especially is I provided x plus 2, that’s what gave me 

this (he traced that graph). 
Interviewer:       Okay  
Marlon:            And again, x, this is my x axle (indicating the x-axis) I mean axis and plus two 

gave me right here (indicated (0, 2)) Okay. So if I want to do this here I can 
actually say x + 1 (indicated (0, 1)) so if I go to . . . the graph a new function 
(he opened that menu) I can say x plus 1 (he entered it).  

 

He had not chosen plot new function. Once the function was plotted he said:  

 

Marlon:            There she go: x + 1 and the reason why I got it is because here again is my x-
axis (traced the x-axis) and plus 1 is right here {he went up to (0,1) from (0,0)] 
and it intersected through those points that I graphed last week (he traced along 
the graph).  

 

Note that he used the cursor to indicate the location of the previous attempt and that once he 
graphed the new attempt he used the cursor to indicate and trace along key aspects of the new 
attempt. It may be that such indicative movements serve to help the learners solidify in their 
minds the knowledge they are building. His statement about “why I got it” shows that he is 
experiencing some mathematical empowerment. Following is a further discussion of 
technology’s use for mathematical empowerment.  

 
Empowerment through the use of technology 
Marlon used the technology for his own explorations of ideas he was having about what was 
happening and worked to understand the functions he was creating. In this way technology 
empowered him mathematically. During session 4, I asked him to enter the variable x into the 
functions he was graphing. He graphed f(x) = x + 9 and g(x) = x - 9 and noticed that they 
crossed the y-axis at (0, 9) and (0, -9) respectively. He was building some understanding that 
functions of the form f(x) = x + b cross the y-axis at (0, b). He also observed that the two graphs 
were parallel. When I questioned him further, he was able to deduce and demonstrate that f(x) = 
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x + 1 went through his graphed points. In session 5, he had reasoned his way back to that 
representation again after forgetting it. 

Later in session 5, after some discussion, I asked him to try something that he hadn’t 
done before. He entered v(x) = x – 9 and then said “Could I add more?” and I told him he could 
try that. The software automatically entered parentheses to what he entered to give the function 
v(x) = (x – 9) + 6. After giving the graph and equation matching colors, he moved the equation 
close to the graph, studied it and said: “Now how did I get that one?” I turned the question back 
over to him. During the exchange he moved the cursor from the algebraic representation to just 
below the y-intercept briefly, back to the algebra and then to a blank spot in the second quadrant.  

 
Interviewer:      Think about what’s happening with that one. Why is it going the way it’s going?  
Marlon:           Okay. x negative 9 - so - x negative 9 here - x negative 9 (cursor at algebra) ― 

I’m coming across here to a 3, (cursor at (0,-3)) Ah! What’s happening (cursor 
at algebra until the word “giving” when it moves to (0, -3)) is that it’s 
subtracting (cursor moves back and forth along the algebra until “negative 3” 
when he moves it back to (0, -3)) the negative 9 from the 6 and it’s giving me a 
negative 3 and that’s the reason why it’s intersecting here (indicates (0,-3)) 
because . . . its subtracting the -9 from a positive 6 which gives me actually 
negative 3 and again it is diagonal. 

 

His cry of “Ah!” seemed to indicate confidence, as did his clear explanation. Although there 
was most likely much he still did not understand, he understood a correct mathematical idea 
which made sense to him and was built on his own demonstrated prior knowledge. He had 
chosen the exploration himself, he had put his plan into action using the technology, and he had 
drawn a correct conclusion about the connection between the algebraic and graphical 
representations. Such an exploration may have been difficult for him to do without the use of 
technology, and in this way he was empowered by his use of technology. Technology helped 
him see his misconceptions, helped him gain insight into and build greater understanding of 
standard representations, strengthened his internal representations, and provided him with 
mathematical empowerment.  

Internal representations, which were being built by Marlon, seemed to be based upon 
his own thinking. This can be seen in the earlier stages of his explorations when his 
understanding was weaker. Marlon’s choice to try f(x) = 1 + 2 to pass through the point (1, 2) 
was based on his conception of a coordinate point as a movement to one side and then an 
upward motion symbolized by addition. This conception was evident from his mouse 
movements and written representations of coordinate points. He moved the mouse to the right 
and then up to show the locations of coordinate points. When asked to write down a 
representation of the point (0, 9), he wrote 0 + 9, and said, “It’d be here, zero, plus nine.” In 
session 4, as he considered how to find a function to pass through his coordinate points, 
including the point (1, 2), he noted that he should have said 1 + 2 and moved the cursor from 
(0,0) to (1,0) to (1,2). His choice to try f(x) = 1 + 2 as a function which might pass through the 
data points for the pattern of dots found in “Another dot pattern” was based upon his 
idiosyncratic thinking about coordinate points.  

Later in the study after he had begun to build some understanding, I asked him to create 
a function of his choice. He had noticed that functions of the form f(x) = x + b passed through 
the y-axis at (0, b). He had already been working with g(x) = x – 9. When I asked him to create 
a function of his own, he decided to “add more” and created v(x) = (x – 9) + 6. He then 
observed that the function passed through the y-axis at -3 and was able to deduce correctly that 
the -9 and the +6 were combined to give the information as to where the graph crossed the y-
axis. He was building upon his own knowledge to understand a new function that he had created. 
Such episodes and others carry implications for adult students.  
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Implications 

What can adult mathematics students learn? 
There are important implications of this study that might be shared with adult developmental 
mathematics students. This study reinforces the observation that some of the challenges adult 
learners face is their own lack of self-efficacy, lack of study skills, and learning experiences 
which may be procedurally rather than conceptually based (Epper & Baker, 2009; Wadsworth, 
Husman, Duggan, & Pennington, 2007). Marlon was able to make and check his own 
conjectures through the use of technology. Adult learners can consider that some of those 
investigations would have been difficult for him to engage in without technology. They can 
think how this type of empowering investigation may help them to make valid mathematical 
learning choices. Such experiences may help build their self-efficacy. Student centered 
investigations may also help adult developmental mathematics students to understand the 
learning process better in general and thus enhance their learning skills. In addition, they may 
see that being able to create and test their own conjectures can help them learn conceptually and 
see the advantage of learning conceptually. In the current study, for example, the subjects 
sometimes appeared to remember and discuss more clearly their own investigations.   

Adult learners may be encouraged by the progress Marlon made over the course of the 
study. He began with great confusion about what he was seeing, and an inability to properly 
represent coordinate points, representing them as a sum of the x coordinate plus the y coordinate. 
He did not understand what the functional notation the software required meant and saw it as 
just another way to graph coordinate points, entering f(x) = a + b in an attempt to graph a line 
passing through the point (a, b). During the study he was able to discover that this was a 
misconception and that such functions create a horizontal line crossing the y-axis at y = a + b. 
By the end of the study, he had learned that functions of the form f(x) = x + b create a diagonal 
line passing through the point (0, b), and that such functions pass through other points on the 
plane. He learned to associate the step numbers for the table of values representing “Another dot 
pattern” with the numbers along the x-axis. He also seemed to begin to understand that a 
function is associated with points along the entire line, representing “the whole line itself.”  

 
What can teachers of adult mathematics students learn? 
Teachers of adult development students can note that misconceptions were revealed through and 
affected the use of technology. A better understanding of their students’ misconceptions will 
allow adult developmental mathematics educators to recognize students’ zones of potential 
construction (ZPCs) (Norton & D’Ambrosio, 2008). Understanding this will help them to better 
understand how best to implement the use of technology (Norton & D'Ambrosio, 2008). The 
findings of this study imply that technology has the potential to help build learning within adult 
learners’ ZPCs.   

The results of this study also imply that teachers of adult learners who are incorporating 
technology would benefit from having multiple forms of assessment they can draw upon. They 
can consider their students’ indicative technological movements and verbal descriptions of what 
they are doing.  They can also examine their students’ use of both paper and technological 
representations in order to more clearly assess their understanding. Validity in making 
inferences about student understanding should include adequate relevant evidence (NCTM, 
1995). Allowing students to represent mathematics in different media and asking students to 
explain those representations may allow teachers to make more valid inferences as to their 
students’ learning.  

Teachers should also take note that Marlon seemed to be able to build more enduring 
representations when he had some choice over the avenue of exploration and was building on 
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the choices he had made. Teachers can choose tasks in which students have control over their 
avenues of exploration and which are situated with those students’ ZPCs. In considering the 
challenges which adult learners may have in remembering technological procedures, teachers 
may also wish to provide clear facilitating tools to accompany the use of technology so that the 
dynamic representations and the empowerment they provide can be activated by the student for 
learning as easily as possible. 

 
Conclusion 

Coming from a setting in which he was failing at his attempts to remember algorithms, 
Marlon’s investigation of v(x) = (x – 9) + 6 built upon his understanding of functions of the 
form f(x) = x + b was an example of the kind of mathematical empowerment technology can 
provide adult students.  Technology has the potential to prevent mathematics from being the 
“insurmountable barrier” it was recently described as being by Bryk and Treisman (2010), who 
noted that difficulties in mathematics was “ending . . . aspirations for higher education” (p. 19). 
Adult mathematics students need not be victims of traditional teaching methods which have 
been passed down as an artifact, but which have not been effective in meeting their learning 
needs (Tate, 1995). The results of this study seem to indicate that a wise use of technology, 
which encourages individual exploration and knowledge building with the student’s ZPC, can 
change adult education for the better.  
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Appendix A: Interview Protocols 
Interview Protocol: Initial Interview 

Project: the Effect of Technological Representations of Developmental Mathematics Students’ 
Understanding of Functions 

 

Obtaining of informed consent: Before anything else, I need to obtain your signature on this 
document. It officially lets you know about the study and what your rights and obligations are. 
(Point to first paragraph). You can read here that the purpose of this project is to find out how 
using computer software to study mathematics affects how a person thinks about mathematics. 
Look over the rest of the document and let me know if you have any questions. (Answer 
questions as needed, obtain signatures.) 

Obtaining personal information: Ask subject to fill out the subject information sheet. 

Further description: This first interview will help me get to know you a little bit and find out 
what your experiences with math have been. I’ll be selecting four people to continue on and 
participate in more interviews where we’ll look at some math computer software and I can see 
how they think. No one will have to pass any kind of a test to be selected to continue. I’ll be 
picking people to continue based on how they will fit in with what I want to learn and what I’m 
doing to do to learn it. Do you have any questions about the project?  

 

Questions and Prompts:  

1) Tell some things you remember about school when you were growing up.  
2) Describe a (another) good experience you remember having in school.  
3) (If not already stated) What helped you learn?  
4) (If not already stated) What made learning harder?  
5) Talk to me about your most memorable teacher.  

a. How did they teach?  
b. How did you feel about that class?  

6) (If not already mentioned) Describe your most memorable math teacher. 
a. (If not already stated)  How did they teach? 
b. (If not already stated) How did you feel about that class?   

7) What about your other math classes? 
8) What other things do you remember about your math classes?  
9) Did your teachers ever use any kind of technology in teaching mathematics?  

a. That includes calculators, computers, and the internet . . . 
b. (If so) What did they use?  
c. How did they use it?  
d. How did you feel about using ________________ to study mathematics?  
e. Do you think ___________________ helped you learn?  

10) (Give them a blank sheet of paper and a pencil) Show me and tell me about some 
mathematics you remember. It can be anything that you remember.  

a. Why did you pick this to share?  
b. Additional probing questions might focus on the mathematics they share, but not for 

the purpose of measuring achievement, e.g.  
i. Can you tell me anything else about ___________________?  

ii. NOT What’s the answer to __________________________?  
11) I’m going to give you something to look at now, and I want you to just tell me everything 

you can about it. Don’t worry about what the right answer is, or what math you’re supposed 
to use or anything like that. Just look at this, read the directions, and follow them. One of 
the other things I want you to do is talk out loud about what you are doing as you work, 
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talking continually, as if you were thinking out loud and I were listening in on your 
thoughts. (Give them “Looking at patterns).  

a. Probing questions for this and number 12 might include:  
i. How will the pattern continue? Can you draw the next shapes in the 

pattern?  
ii. What will the 20th shape in the pattern be?  

iii. Can you tell what the 35th shape in the pattern will be (without drawing it?) 
What about the 41st? How do you know?   

12) (If this seems not to challenge them, you may continue with one or more of the following) 
Here is another idea for you to think about. (Give them “Looking at dot patterns” and/or 
“Soda cans”). Read the directions and follow them. Talk out loud about what you are doing 
as you work, talking continually, as if you were thinking out loud.  

a. What will the next pattern be?  
b. Can you tell me how many dots the 10th pattern will have? How?  

13) Thank you for participating. Is there anything else you’d like to say?   

 

Teaching Experiment Interview Protocol: Exploring Patterns 

Recalling the last session and examining the data:  

1) What do you remember about this dot pattern that you saw last time?  
a. Follow with probing questions, such as those listed below, to elicit student 

thinking  
i. Why did you think that?  

ii. Is there anything else you’ve noticed about the pattern? 
iii. How do you know what the number of dots in the next pattern will be?  

1. Is there a way you can write down this information?  
iv. Do you know what a table of values is?  

1. If they do: Show me what you know about tables by creating a 
table of values showing what you know about the step numbers 
and numbers of dots.  

a. Tell me about your table.   
2. If they don’t or are unsure: then go ahead and give them page 1 

of the exploration, so they can see the blank table.  
a. Does this look familiar? What do the columns tell us?   
b. Enter what you know about the step numbers and 

number of dots.   
2) Look at the information in your table and see if you notice any patterns. Record your 

thoughts and talk about them as you write.  
a. Subject may also compare back to the dot pattern representation.  
b. What is the number of dots in the _____ the pattern? (Several steps beyond the 

data they have).  
c. Can you give me a rule for how many dots would be in any pattern?  

i. If they can, show them another pattern until you find one for which they 
can’t. Finding the rule will be the overall question this teaching 
experiment seeks to answer. 

 

Introduction to the software 

1) We are going to use mathematical software to study this question. The name of the software 
is the Geometer’s Sketchpad. (Open the software) Have you ever heard of it?  

a. (If so) Open a new file and show me what you know about the Geometer’s 
Sketchpad.  

b. (If not) We’re going to explore it. Open a new file. Make it as large as you can.  
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i. What do you notice?  
ii. Hold your cursor over the buttons at the left.  

1. What do you notice?  
2. What are the names of the buttons?  
3. What happens when you hold the buttons down?  

iii. Try some of these buttons and tell me what you notice.  
c. Open a new file. From the menu at the top, select Graph, define coordinate system.  

i. Does this remind you of anything?  
ii. (If so) What is it? What can you tell me about it?  

iii. (If not, unsure, or more scaffolding is needed regarding the xy plane) Use 
the point tool to put a point somewhere in the coordinate system. Use the 
measure menu, and measure the coordinates of the point. Use the selection 
arrow tool and move the point around. Talk about what you see. What are 
the coordinates telling you?  

1. (If needed to elicit further observations). Use the graph menu and 
choose snap points if you want the point to always land at an 
intersection. Look at the coordinates.  

a. What do you notice as you move the point around? Try this 
for a minute and as you do so, talk about what you see.  

2. Put the point at a place where1  
a. Both coordinates are the same  
b. The right is twice as much as the left 
c. The right is half as much as the left 
d. The right equals the negative of the left or the left equals 

the negative of the right 
d. Using the selection arrow tool, select the point at the middle of the crossed axes 

(called the origin) and move it to see how the coordinate grid moves around.  
i. What’s happening to the point you put on the grid?  

ii. What about its coordinates?  
e. Using the selection arrow tool, select the other point you see, the one at 1 on the x-

axis and move it to see how the grid changes.  
i. Talk about what you see.  

f. Using graph, plot points, enter some coordinates of your choice and see where those 
points lie. See if you can predict where they will be.  

i. Move these points around. How do they behave differently from the other 
points you have put on the graph?  

 
 
Using the software to look at their data:  
 
1) How can you use these tools to explore your data?  

a. What data do you have?  
b. What value in your data could be the left coordinate of a point? What could be the 

right coordinate to go with that point? Why?  
2) If they have graphed their points: What pattern do your points form?  

a. (If they think the points are in a straight line). How could you find out for certain?  
3) What if you had another step in the sequence of dot patterns, whose data is not already 

listed in your table? Where do you think the point representing that data would fall?  
 

 
 
 
                                                

1 As suggested in Key Curriculum Press (2002)  
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Additional questions may be asked, based on the student’s thinking.  
 
Teaching Experiment Interview Protocol: Exploring Functions 

 
Project: the Effect of Technological Representations on Developmental Mathematics Students’ 
Understanding of Functions 

 
Questions and prompts:  

 
Recalling the last session and starting algebraic notation 
 
1) Begin with GSP in its opening configuration 

a. Show me what you remember from last time. Talk about what you see 
i. What is the problem we’re trying to solve? 

ii. What do you know about that problem?  
iii. What have we done so far to explore that problem with GSP?  
iv. What does the table tell us?  
v. What does the graph tell us?  

vi. If I asked you now how many dots were in a certain step number, how 
would you find out?  

vii. If we had a rule, how would we describe it?  
1. Look at a simpler pattern for which a rule can be found and help 

the subject to see how to use algebraic notation to describe it.  
a. How is the number of dots related to the step number?  
b. Can you write that in a sentence?  
c. How can we write that in a simpler way?  

i. Use boxes to represent the step number if 
scaffolding to the use of variables is needed. 

 
Using the software to explore algebraic notation 
 
2) Go to graph, new function. In the rectangle, you can enter expressions, or rules.  

a. Enter the rule we found for our pattern 
b. Hit okay.  
c. Hit plot function.  
d. What do you notice?  
e. Why does the graph look the way it does? 

i. Explore some different expressions. You may change the colors to match 
using the display, color menu.  

f. What patterns do you notice?  
 
Additional questions may be asked, based on the student’s thinking.  
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Appendix B: Technological Activity Used in Marlon’s Last Session 

 
Geometer’s Sketchpad 

Finding more points on the graph of a function 

1) Use the point tool to attach a point to the graph. Make sure you see the line of the graph turn 
blue. This will mean the point is attached to the line. Use the selection arrow tool to test and 
make sure the point is attached to the line. You should be able to graph the point and slide it 
up and down the line. It should not leave the line.  

2) With the sliding point selected, measure its coordinates. What are they? Slide the point 
some more. What do you notice?  

3) Go to Edit, preferences, and change “other’s” precision to units or tenths. Hit okay. What 
happened to the coordinates?  

4) GSP can help you keep track of the different coordinates in a table. Select the coordinates 
(not the point itself, just its coordinates). Go to graph, tabulate. After the table appears, go 
back to the graph menu and select add table data. Click on the second bullet so the program 
will add several entries to the table. You can change the 10 to a higher number if you want 
more entries in your table. When the point moves data will be added to the table.  

5) Move the point and watch what happens to the table. 

6) What patterns do you notice?  

 

P.S. Here’s another way to move the point! 

1) Select the point.  

2) Go to edit, action buttons, animation. A button will appear which says “animate point.”  

3) Click on the button and see what happens.  

4) If you want to change how the point is moving, select display, show motion controller.  

5) Click on animate point and the motion controller will also activate. In addition to play, stop, 
and pause, you will see a button which allows you to change the direction the point is 
moving in and a place to slow the point down or speed it up.  
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Abstract 
Adult students 25 and older are a growing population at U.S. colleges and universities.  
Mathematics courses present a particular challenge for these students who may have less 
academic preparation than younger students and have experienced a significant time-lapse since 
their last formal mathematics instruction. This exploratory, qualitative study focuses on the 
experiences of two adult students in a mixed-age college mathematics course with particular 
emphasis on participation in classroom discussion and activities.  Adult student participation in 
classroom discussions was enhanced by a strong motivation to be successful in the course, 
wanting to help classmates, and a disregard for the perceptions of classmates.  Participation was 
hindered by not being familiar with the material, fear of appearing ignorant, and discomfort in 
the classroom. 

   

Key words: adult undergraduates, college mathematics, classroom participation. 

 

 

Introduction 
Joe walked into the mathematics classroom, took a seat near the back of the room, removed a 
notebook from his backpack, and started looking over his notes.  He was a clean cut man in his 
late twenties whose walk and bearing betrayed his past military training.  A few minutes later, 
Mary, a young lady in her early thirties, entered the classroom, sat next to Joe, and prepared for 
class.  As the small classroom filled with students, Joe and Mary sat quietly, looking over their 
notes, occasionally making quiet comments to each other.  When the instructor entered and 
began class, both Joe and Mary were attentive and engaged with the lesson.  However, there 
was a striking difference in their behavior in the classroom.  Joe actively participated in the 
classroom discussion.  He asked questions, responded to questions from the instructor and his 
classmates, and took an active role in the social interactions of the class.  Mary, on the other 
hand, sat quietly.  She nodded as she followed the classroom conversation, but rarely added to it. 

 Both Mary and Joe are adult students—undergraduates 25 or older.  In order to reach 
their educational goals, they must pass a college-level mathematics course.  For students who 
have not been exposed to formal mathematics for several years, this may present a challenge.  
Factors that influence adult students’ success in college mathematics courses are difficult to 
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identify (Meeks, 1989; Trutna, 1992).  One factor that influences the success of all students in 
mathematics courses is their level of engagement with the materials, their classmates, and their 
instructor (Boaler, 1998; Howard & Baird, 2000; Hsu, Murphy, & Treisman, 2008).   Although 
past studies have identified instructional practices that encourage classroom participation (Mesa, 
2010), and identified factors that influence traditional-age students’ participation in classroom 
discussions and activities (Crombie, Pyke, Silverthorn, Jones, & Piccinin, 2003; Fritschner, 
2000; Howard, Short, & Clark, 1996; Karp & Yoels, 1976), little research has been conducted 
focusing on factors that influence adult students’ participation, especially in mathematics 
courses for which adult students are often ill-prepared.  Because many adult students enroll in 
college with less academic preparation in mathematics than traditional-age students (Kasworm 
& Pike, 1994; Calgagno, Crosta, Bailey, & Jenkins, 2007), adults may behave differently in 
mathematics courses than in their other college courses.  In addition, many adult students harbor 
negative attitudes towards mathematics (Coben, 2000; Meader, 2000) which may further 
influence their learning behaviors in the mathematics classroom.  The purpose of this qualitative 
study is to develop a deeper understanding of adult students’ learning behaviors in college 
mathematics courses.  The central research questions for this study are:   

 

1. What learning behaviors do adults exhibit when enrolled in a multi-age college 
mathematics course?  

2. What factors influence the learning behaviors of adult students? 

 

For this study the term adult student refers to undergraduates pursuing a 4-year degree who are 
25 years or older.  Learning behaviors refer to the observed and reported behaviors students use 
to learn the material in a mathematics course.  These include interactions with classmates and 
faculty during class, the formation of study groups and collaboration on homework, meeting 
with faculty during office hours, and the use of school-provided tutoring labs or private tutors.  
Although behaviors outside of class will be noted, the main focus of this study is the learning 
behaviors adult students exhibit during class, and in particular, the social interactions in the 
classroom. 

This exploratory study used a qualitative, embedded case study methodology (Creswell, 
2007) in order to gain a deeper understanding of adult students’ behaviors, and the reasons 
behind the behaviors, of two adult students in a mixed-age, freshman-level mathematics course 
in a 4-year university in central Texas.  The social constructivist philosophy of learning, that 
views “the individual constructing her meanings in response to experiences in social contexts” 
(Ernest, 1999, p. 2), formed the theoretical framework for this research.  Especially in 
mathematics, social constructivism “locates students’ mathematical development in social and 
cultural context” (Cobb, 2000, p. 152).  Social constructivists emphasize the importance of 
interactions that occur between classmates and between students and the instructor (Bauersfeld, 
1994; Bishop, 1985, Callahan, 2008).  Because of this, the focus of this study was on the verbal 
interactions that adult students engaged in during the classroom sessions.  

 

 

 

Literature Review 
 
Characteristics of Adult Undergraduates 

Adult students are one of the fastest growing demographic groups on American campuses today 
(Van der Werf, 2009).  In 2008, over a third of students at degree-granting institutions in the 
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United States were 25 or older; this is expected to increase to over 40% by 2017 (National 
Center for Education Statistics, 2009).  These adult students enter college with unique 
characteristics that distinguish them from traditional-age students.  Adult students often enroll in 
college with less academic preparation than traditional-age students (Calcagno et al., 2007; 
Horn, Cataldi, & Sikora, 2005; Kasworm, Polson, & Fishback, 2002; Kasworm & Pike, 1994).  
Adult students are more likely to work over 30 hours per week, have dependent children, and 
commute to campus than younger students (Choy, 2002; Horn et al., 2005; Kasworm & Pike, 
1994; Kasworm et al., 2002; Sandmann, 2010).  Because of their complicated lives, adult 
students have little time to participate in campus activities or to seek academic help outside of 
class (Donaldson & Graham, 1999; Graham, Donaldson, Kasworm, & Dirkx, 2000; Kasworm, 
2008).  All these factors put adult students at risk for not completing their college degrees 
(Adelman, 2006; Astin, 1999; Tinto, 1987).   

In spite of these challenges, many adult students are successful in college (Donaldson & 
Graham, 1999; Kasworm & Pike, 1994).  One reason for this is the high level of motivation` 
many adult students exhibit (Meeks, 1989; Ross-Gordon, 2003).  For adult students, completing 
a college degree often has been a long term goal.  Adults view their experience in college as a 
“purposeful choice for a new and different future, a future of hope and possibilities” (Kasworm, 
2008, p. 27).  A second reason is the life experiences adult students bring to the classroom.  
These experiences can form a framework that enables adult students to process and assimilate 
new information and situations (Compton, Cox, & Laanan, 2006).  In addition, these life 
experiences may foster a determination for adult students to overcome any disadvantages they 
encounter (Carmichael & Taylor, 2005).   

Although adult students are generally highly motivated and have demonstrated the 
ability to earn high grades in college courses (Graham et al., 2000; Kasworm & Pike, 1994), 
they complete their educational programs at a lower rate than younger students (Bradburn, 
2002; Calcagno et al., 2007; Choy, 2002; Horn et al, 2005; McGivney, 2004; Schatzel, Callahan, 
Scott, & Davis, 2011; Taniguchi & Kaufman, 2005).  While this may be due in part to non-
academic factors, many researchers have demonstrated that high school preparation, particularly 
in mathematics, plays a major role in students earning their bachelor’s degree (Adelman, 1999, 
2006; Trusty & Niles, 2003).  Calcagno, Crosta, Bailey, and Jenkins (2007) found that while 
adults complete their educational programs at a lower rate than traditional-age students, after 
controlling for incoming mathematics ability, adults finish their programs at a higher rate than 
younger students.  Calcagno et al.’s study illustrated the pivotal role that mathematics plays in 
the success of adult undergraduates. 

 
Adult Students in College Mathematics Courses 

Because of poor high school preparation and the lapse of time since being in an academic 
setting, mathematics is an area of particular concern for adult undergraduates (Calcagno et al., 
2007; Horn et al, 2005).  Research on adult students learning mathematics has given an 
ambiguous portrait of how adult students compare to traditional-age student in college 
mathematics classrooms.  Adult students reported low levels of confidence to do mathematics in 
some studies (Civil, 2003; Leonelli, 1999; Peters & Koretecamp, 2010), but high levels in 
others (Elliott, 1990; Lehmann, 1987).  Especially in preparatory and entry-level college 
mathematics, adult students reported the need to overcome negative attitudes and a lack of 
confidence in order to succeed in their mathematics courses (Civil, 2003; Lawrence, 1988; 
Leonelli, 1999).  Studies comparing mathematics anxiety in adult and traditional-age students 
also resulted in conflicting findings (Ulrich, 1988; Zopp, 1999).  Some adult students express 
the belief that they are incapable of ever understanding mathematics (Wedege & Evan, 2006).  
These beliefs and attitudes may affect the classroom behavior of adult students. 

Past studies have emphasized the importance of active learning and group discussion for 
adults learning mathematics (Civil, 2003; Miller-Reilly, 2000; Safford, 2000).  Unfortunately, 
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some older students report a reluctance to participate in group learning activities because of fear 
of exposing their ignorance (Nonesuch, 2006).  The factors that influence adult students’ 
participation are not well understood.   

 
Student Participation in the College Classroom 

Learning occurs most effectively when students are engaged with the material, other students, 
and their instructor (Howard & Baird, 2000).  In addition, the mathematics reform movement 
has placed emphasis on student-centered learning and has been concerned with students’ 
experiences in the learning process (Callahan, 2008).  Research findings have demonstrated that 
students learn more when they take an active role in learning—“when they are engaged 
participants rather than passive recipients of knowledge” (Howard & Henney, 1998, p. 400).  In 
the mathematics classroom, this is implemented by encouraging student participation in class 
with whole class discussion, small group activities, and facilitating students’ reflection on their 
learning (Callahan, 2008).   

For adult students who often have family and work obligations, the college experience 
is almost entirely limited to the classroom (Graham, et al., 2000).  Adult students often do not 
have the time to take advantage of faculty office hours or meet with classmates outside of class 
(Bourgeios, Duke, Guyot, & Merrill, 1999; Kasworm, 2006).  The classroom environment 
becomes especially important and the behaviors adult students exhibit in class impact their 
success to a greater extent than for traditional-age students who have time to seek academic help 
outside of class.  Understanding how adult students perceive their participation and engagement 
in mathematics classrooms and the factors that influence their participation can inform 
instructors how to aid adult students to be successful in mathematics courses. 

 
Adult Students’ Participation in the College Classroom 

Karp and Yoels (1976) were pioneers in studying social interactions in the college classroom.  
Regardless of the size of the class, Karp and Yoels found that only a small percentage of 
students responded to the instructors’ questions or asked questions in class.  They referred to 
this phenomenon as the “consolidation of responsibility” (p. 429), in which a few students take 
on the social responsibility of asking and answering questions while the other students engage 
in “civil attention”—paying sufficient attention to appear attentive without risking active 
participation.  These findings were confirmed by later researchers (Fritchner, 2000; Howard & 
Baird, 2000; Howard et al., 1996).   

There are conflicting findings in regards to adult participation in the college classroom.  
Some researchers report that adults participate in classroom discussions and activities at a 
higher rate than traditional students (Howard & Baird, 2000; Fritschner, 2001; Weaver & Qi, 
2005; Kasworm, 2006).  Others report that adult students may be reluctant to join classroom 
discussions (Nonesuch, 2006; Spellman, 2007).  Still others have found no difference between 
adult and traditional-age student behaviors (Justice & Dornan, 2001; Faust & Courtenay, 2002).  
 The conflicting results of these studies illustrate the need for closer examination of the 
factors that encourage adult participation in the college classroom.  In entry-level courses, there 
seemed to be little difference between the participation levels of adult students and traditional-
age students (Fritschner, 2000; Faust & Courtenay, 2002).  This may reflect the initial insecurity 
of adult students who are unsure of their academic abilities (Kasworm, et al., 2002), and may 
account for the lower participation reported by Spellman (2007) and Nonesuch (2006).  As adult 
students gain confidence in themselves as learners, they may develop into the assertive, 
proactive students found by Fritschner (2000), Weaver and Qi (2005), and others (Howard & 
Baird, 2000; Kasworm, 2006).  Few of the studies above focused on the mathematics classroom.  
Nonesuch, who found adult students reluctant to participate in classroom activities, was the only 
researcher cited above to study a mathematics classroom.  Because adult students often enter 
college with lower mathematical skill and more negative attitudes towards mathematics than 
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younger students, they may feel insecure in the mathematics classroom.  This may lead to a low 
level of participation in the mathematics classroom. 

Adult behavior in college mathematics courses has not been an extensive focus of 
research.  Most of the research in this area focuses on mathematics courses designed for a 
homogenous class of adult students.  These studies showed that adult students are more 
comfortable and open to participation when in an adults-only mathematics classroom (Civil, 
2003; Safford, 2000).  Studies that focus on adult learning behaviors in a mixed-age classroom 
are limited. 

 

Summary 

The literature gives a confusing portrait of adult students in mathematics courses.  Some 
studies show that adults perform as well in mathematics as traditional-age students.  Others 
suggest that adult students have disadvantages in that they enter with lower academic 
preparation and have less time to devote to their studies than traditional-age students.  
Understanding how adult students negotiate the college mathematics classroom and the learning 
behaviors that help or hinder their success is important to ensure adult students’ ability to reach 
their educational goals. This study focuses on the interactions of adult students in college 
mathematics courses in order to understand their engagement in the classroom.  In addition, the 
reasons behind the level of participation in the classroom are explored. 

 
Methodology 

A qualitative, embedded case study methodology (Creswell, 2007) was used to explore the 
classroom learning behaviors of two adult students in a multi-age freshman mathematics course.  
How and why these two students interacted with their instructor and their classmates during and 
outside of class was examined using surveys, classroom observations, and interviews.  In 
addition, the instructor of the course was consulted throughout the semester to verify student 
responses to survey and interview questions.  Exploring the motivations behind the behaviors of 
these two students gave insight into the attitudes and beliefs adult students have about college 
mathematics and how these beliefs and attitudes affected their classroom behavior.  Although an 
in-depth understanding of the behaviors of these two adult students was the focus of this study, 
it was also important to place these behaviors in the context of the multi-age college algebra 
classroom.  For this reason, information was collected from all students in the class to compare 
the behaviors of the two adult participants to the norms of the classroom. 

 
Participants and Context of Study  

The participants in the research were two adult students enrolled in a freshman mathematics 
class designed for liberal arts majors at a large university in central Texas. The class met five 
days a week from 8:00 a.m. until 8:50 a.m. and continued for 8 weeks.  The course was 
designed to illustrate the use of mathematics in practical, real-world situations that students 
could expect to encounter in their lives after college.  The topics included financial mathematics, 
probability, statistics, and logic.  More than half the students in the class were enrolled in a 
program designed to provide extra services and encouragement to students who had been 
identified as high-risk students.  This particular class was chosen as the context of this study 
because of the number of adult students enrolled and the willingness of the instructor to open 
his classroom for observation.  There were fifteen students (nine female and six male) enrolled 
in the course. 

 All the students in the class had taken one of two sections of a developmental 
mathematics course during the first eight weeks of the 16-week spring semester.  One of the 
developmental sections was composed entirely of students in a special program, FOCUS, 
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designed to provide extra support for students deemed at high risk of being unsuccessful in 
mathematics courses.  The other section was open to all students.  The current course merged 
these students into one class during the second half of the 16-week semester.  The students in 
the FOCUS program continued to have strict attendance requirements and were required to 
attend two hours of tutoring per week.  The other students did not have these requirements.  The 
two students participating in this study—Joe, a military veteran majoring in social work; and 
Mary, a criminal justice major—were chosen from the class by meeting the criteria of being 
adult students and by their willingness to participate in an interview.   

 
Data Collection 

Three methods were used to collect data.  As the first step in data collection, I conducted six 
observations of the classroom throughout the semester.  During the first observation, I was 
introduced as an observer in the classroom studying student participation.  I did not participate 
in the classroom discussion nor did I attempt to engage students in private conversations.  
During each observation, a tally of the number and types of interactions (student initiated 
questions or remarks, responses to instructor questions, or student-student interactions) was kept 
on a seating chart.  The gender (male or female) and age group (traditional-age or adult) of each 
student was noted on the seating chart.  In addition, extensive field notes were taken recording 
my impressions of the interactions.   

Second, at the end of the third week of class, a survey was given to all students in the 
class.  This captured both in-class and out-of-class learning behaviors and the reasons students 
give for their learning behaviors.  The survey included items about the frequency of classroom 
participation (answering questions posed by the instructor, asking questions about the course 
material, and responding to classmates’ questions), reasons for the students’ level of classroom 
participation, and out-of-class study behaviors.  The survey included an invitation to adult 
students to participate in an individual interview.  

 Finally, two adult students were chosen from the class to be interviewed.  The 
interviews were recorded and transcribed.  The interviews focused on classroom participation as 
well as attitudes towards mathematics and past experiences in mathematics that affected their 
classroom participation. 

As a further check on the validity of the findings, the instructor of the course was 
consulted to verify the responses of students on the class surveys and interviews. 

 

Data Analysis 

Because research shows that that active engagement with the material, instructor, and 
classmates promote learning (Howard & Henney, 1998), the data collected in this part of the 
study was analysed from a social constructivist framework.   Adult students’ perceptions of their 
participation and the factors that encouraged or inhibited participation were explored.  Because 
learning occurs in context, the interviews and observations were analyzed in the context of 
classroom social norms and expectations. Results from the observations and survey were 
analyzed to determine the classroom social norms and to determine any general differences 
between the behaviors of adult and traditional-age students.  Next, the transcripts of the 
interviews of the two participants were coded and analyzed in order to better understand the 
perceptions of adult students regarding their participation. 

 

Results 
The results of the classroom observations, the class survey, and personal interviews were 
viewed together in order to understand what learning behaviors adult students exhibited in a 
college mathematics course and why adult students chose to behave in the ways they did.  After 
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the classroom norms were established through classroom observations and a class survey, the 
interviews of the adult students were examined in order to understand how these students fit into 
the normal behavior of the classroom and the reasons behind their participation in classroom 
discussions. 

 

Classroom Observation Results 

Six observations during the semester revealed the overall patterns of participation in the class.  
The instructor for this class had an interactive style; he would often stop and pose a question, 
waiting for students to respond.  He asked an average of about 20 questions per 50-minute class 
period.  Consistent with the research of Karp and Yoels’ (1976) model of “consolidation of 
responsibility”, it became apparent that only a few students were responding to the majority of 
questions posed by the instructor.  Four to five students actively answered and asked questions 
in a typical class session.  Some students never spoke in any of the sessions observed.  Of the 
“talkers” (Howard & Baird, 2000), three were adult students and two were traditional-age 
students.  Interestingly, the students who accepted the responsibility of being “talkers” changed 
through the semester.  Some, who were very active in the beginning of the course, became quiet 
as the semester progressed, and some students became more active.  This seemed to depend on 
the particular topic being studied at the time. 

 Student-to-student interaction increased greatly as the semester progressed.  During the 
first week, there was very little interaction even though the students were familiar with each 
other from their previous developmental courses.  As the semester continued and the instructor 
gave more problems to be completed in class, student partnerships formed and by the fourth 
week of class, the students seemed very comfortable asking each other for help.  This 
interaction was enhanced both by the small size of the class and by active encouragement from 
the instructor. 

 

Class Survey Results 

Three weeks into the course, students completed a survey about their learning behaviors and 
their level of participation in class.  The survey included demographic information, items on 
participation in class and learning behaviors used outside of class.  Although the class 
enrollment was fifteen, only eleven students were present on the day the survey was completed.  
Of the eleven students who completed the class survey, seven were between the ages of 18 and 
24 and four were 25 or older.  Nine of the eleven were part of the FOCUS program.  

 The responses to the survey questions were tabulated to determine the overall learning 
behaviors and levels of participation in the classroom and to compare the responses between 
adult and traditional-age students.  Because of the small number of respondents, definite 
conclusions about the difference in learning behaviors of adult students and traditional-age 
students cannot be made, but several interesting trends emerged.  Although few students 
reported contacting the instructor outside of class, adult students reported more instructor 
contact than traditional-age students.  In contrast to the reported frequency of instructor contact, 
the instructor reported that no students had contacted him outside of class.  This information 
was not known at the time of the interviews so this discrepancy could not be explored.  Second, 
adult students reported that they stayed after class to talk to the instructor in greater numbers 
than traditional-age students.  This was confirmed by classroom observations.  This may reflect 
the lack of time adult students have to seek academic assistance outside of class (Bourgeois et 
al., 1999; Kasworm, 2006).  A third difference was in homework and study habits.  Adult 
students were less likely to study or do homework with a classmate.  This is typical of adult 
students who have little time on campus (Kasworm, et al., 2002).   Students’ perceptions of their 
participation in classroom discussions were similar for both adult and traditional-age students.  
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Most students responded that they sometimes asked questions in class, sometimes answered 
questions posed by the instructor, and sometimes or often asked questions of their classmates. 

 

Adult Student Interview Results  

Two adult students, both in the FOCUS program, agreed to be interviewed for this research.  Joe 
was very outspoken in class while Mary was very quiet. 

 

Joe 

Joe is a military veteran, a husband, and a father who is working on a degree in social work.  He 
attended college for a semester immediately after graduation from high school, but “figured out 
I wasn’t really ready so I went into the Air Force.”  After his military commitment was 
completed, Joe worked for a private contractor in the Middle East.  After four years in the 
Middle East, Joe decided to return to college.  “I knew I needed something less strenuous, a 
career.  So I came back and decided to go back to school, because I still had the GI Bill.”  Joe 
plans to work counseling veterans and active duty military personnel in the areas of substance 
abuse and post-traumatic stress disorder. 

 Joe’s past experiences with mathematics were mixed.  While he had no strong negative 
feelings about his high school mathematics courses, Joe acknowledged that he was not 
particularly successful in mathematics.  “I really never got anything out of it.  It didn’t really 
stick with me or intrigue me…maybe that was it.  But I never disliked math, I just never was 
really good at it.”  After high school, Joe’s experiences with mathematics became more 
negative.   In his first semester of college, immediately after high school, he just stopped 
attending his college mathematics course.   After returning from the Middle East, Joe took an 
online developmental mathematics course.  “It was online, and I… it was so hard.  It was 
basically teaching yourself.  So, I was kind of at my wit’s end.”  Joe avoided taking 
mathematics courses until the present semester.  He explained that now, he has definite 
mathematics anxiety.  “When I go into a math class—oh, math classes especially, something 
I’m not strong in—I get this feeling of, am I going to be the one that’s just behind, not 
understanding it.”   Joe applied to the FOCUS program on the recommendation of a friend.  He 
was somewhat less anxious in this class as “everyone is kind of on the same page as you.” 

 It became clear after a few observations in his current mathematics classroom that Joe 
was a “talker”, defined by Howard and Baird (2000) as one of the few students that take 
responsibility for asking and answering questions in class.  When asked what motivated him to 
speak up in class, Joe explained, “I want to get through it and pass.  I mean, really, I want to get 
through this math and if I have a question, I will definitely address it.”  He recognized that his 
willingness to participate in classroom discussion is because of his age.  “When I was a teenager 
or early 20’s, you know, it’s all about an impression or what people think of you and maybe that 
has a lot to do with it.  But, I’m married with a son and so, I don’t care what people think.  I 
care about my grade.”  This lack of concern about the perceptions of his classmates is consistent 
with past research on adult learners (Howard & Baird, 2000; Fritschner, 2000; Weaver & Qi, 
2005). 

 During one classroom observation in the middle of the semester, Joe was surprisingly 
silent.  He seemed to have given up his role as a major contributor to the classroom discussion.  
When asked about this later, he explained, “It was that section on probability.  That stuff gives 
me the most problems.  And it gave me problems in 1311 [the previous class], too.”  He went on 
to say that he was still engaged in the class, he was trying to understand the material, but didn’t 
know enough to say anything.  “I don’t know it; therefore I’m not going to say anything.  My 
not saying anything doesn’t mean I’m withdrawn, it means I’m trying to take everything in and 
trying to learn it and not saying anything to confuse myself even more.”  This suggested that the 
topic being discussed influenced participation.  This idea was confirmed by the instructor later.  
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When graph theory was being discussed, the instructor reported that Joe had little to say, while a 
student in the back row, who hadn’t spoken at all since the beginning of the course, became the 
most talkative student. 

 Joe also believed that his speaking up in class helped his classmates.  He related his 
experience in a statistics course in which he received more understanding from what other 
students said in class than what the professor said.  “Not to discredit the professor, but things 
that the other students would say, I understood them more and how they arrived at what they 
got.  Sometimes that can be more effective than what the professor says.”  

 Another issue that affected participation emerged during the interview with Joe.   Joe 
felt a great disruption between the first and second eight weeks of the semester.  The current 
course was offered during the second eight weeks of the regular 16 week semester.  To be 
eligible to take this course, each student had to take the developmental mathematics course that 
prepares students for this course during the first eight weeks.  Two developmental math classes 
fed into this course.  Joe was surprised and uncomfortable with the addition of new students to 
the class.  “We all kind of got to know each other in 1311 and then we got thrown in another 
portion; and on top of that—a new teacher.”  Joe felt that classroom camaraderie and 
participation was hurt.  “People’s attitudes and the way people responded in 1311 is completely 
different from how they are here.  I think it has affected how many students feel comfortable, 
how they do on tests, and how they participate.”  Joe expressed his unease with the change.  “It 
can be hard.  I mean, even for me.  It’s hard to readjust.”  In spite of his discomfort, Joe said that 
this discomfort did not affect his participation.  

 Joe and Mary sat next to each other, and from the third class session on, collaborated on 
in-class activities.  Although both were in the previous developmental class together, they did 
not sit together or know each other in that class.  By midterm of this course, however, they had 
formed a partnership.  Unfortunately, Joe was unable to take advantage of this partnership 
outside of class.  He did most of his homework late at night.  “I try to get in three to four hours 
on top of [mandatory] tutoring—just weekends and you know, at night, when we get our son to 
sleep.”  This is consistent with research that reveals that most adult undergraduates have little 
time to form study groups or use professor’s office hours (Kasworm, et al., 2002). 

 Although not specifically tied to participation and social interaction in the classroom, 
Joe identified two other factors related to age that affected his performance in class.  The first 
was the use of graphing calculators.  “This calculator stuff is new to me.  The technology aspect 
of math seems to not fit me.  I can see how they’re beneficial if we learn to use them, but…”  
Joe felt that younger students, who had experience with calculators in high school, had an 
advantage in the classroom.  The second issue was the pace of the course.  “I feel like I don’t 
have enough time.  I feel like I could do better if I had more time.”  Joe was referring, not to the 
time he had to study or do homework, but to the time limits on quizzes and exams.  “I need to 
write stuff down, you know, step by step.”  He believed that he wasn’t given enough time in 
class to demonstrate his knowledge. 

 In summary, Joe participated in classroom discussion at a high level.  His reasons for 
his active participation included a strong motivation to be successful in the course, a lack of 
concern for his classmates’ perceptions of him, and a responsibility to help other students in the 
class.  When he was silent in class, it was because he had so little understanding of the topic 
being discussed that he was concentrating and trying to make sense of the discussion around 
him.  Although he consulted with the student sitting next to him in class, he had little contact 
with other students in the class, and no contact with either the instructor or other students 
outside of class. 

 

Mary  
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Mary is a criminal justice major in her last semester of school.  She is a single parent with two 
children still at home and has a full-time job.  She earned her associate’s degree right after high 
school, but decided not to continue her education at that time in order to devote more time to her 
family.  Twelve years later, when her youngest child started school, she returned to school to 
complete her bachelor’s degree.  She intends to enroll in a master’s program in health 
psychology and hopes to work in jails and prisons counseling high-risk prisoners. 

 Mary has always had problems with mathematics.  Describing her high school 
experiences, “I never actually had to do any math beyond first semester of sophomore year.  So 
I have not actually been exposed to math since ’87 and I was horrible at it then.”  When she 
earned her associate’s degree, Mary chose the option of taking a computer course to satisfy her 
mathematics requirement.  Now, mathematics is a source of fear and frustration.  “I’m just 
terrified of it.”  Mary’s frustration comes, in part, from her inability to use what she thought she 
understood in class:   

 

I don’t have a problem understanding it in the class situation.  I can get it in class.  It’s when I 
get home and try to go at it by myself and when I sit down to the exam.  I just—I see that 
exam and I just lose it—I forget everything. 

 

Mary also holds a strong belief that she will never be successful in mathematics.  “I don’t think 
I will ever understand it, or enjoy it, or (sigh), really grasp it.”  She believes that even if she 
received a good grade on an exam, it would be a fluke.  “I would be absolutely shocked and I 
would think that he [the instructor] graded mine thinking it was somebody else’s—that 
somehow my test got mis-graded.”  This enduring belief is consistent with Wedege and Evan’s 
(2006) research in adult resistance to learning mathematics.  Mary’s beliefs about her ability to 
be successful in mathematics have been confirmed by past experiences: 

 

I’ve gone in [to an exam] thinking that I know the material, thinking that I’ve done well.  I’ve 
looked at the test, and said, yeah, I get this; and I’ve gotten a C— or a D.  And I go, where 
did I go wrong?  I thought I did well. 

 

After failing to pass her second developmental mathematics course by a mere five points, Mary 
entered the FOCUS program, was able to pass the developmental math course in the first eight 
weeks of the semester and began her current mathematics course.   Mary’s behavior in class was 
markedly different from Joe’s.  From the first day on, Mary was silent in class.  Although she 
nodded often in response to remarks by the instructor and classmates, she would respond 
verbally only when called on by name.  Mary had only vague reasons for her behavior.  
“Because that’s the way I am.  Usually, I’m really quiet, and I just hide.”  According to the class 
survey, Mary’s reasons for not participating in classroom discussions included, in addition to 
shyness, not knowing enough to contribute and fear of appearing unintelligent to her classmates 
and instructor.  Mary related that her quiet behavior wasn’t unique to her mathematics courses.  
In her other courses, “I don’t talk at all.  They don’t know who I am from the next person.”  In 
contrast to her behavior in other classes, Mary believed that she participated at a higher level in 
this mathematics course than in her other courses.  As the course progressed, Mary would 
occasionally volunteer an answer in response to a question posed by the instructor and she 
responded on the classroom survey that she had been told that participation aids learning and 
that she was trying to be more active in class.  Although Mary did not always actively 
participate in classroom discussions, she appreciated that others were more vocal.  “They’re 
usually asking questions that I’m not asking.”  When asked what kept her from asking 
questions, she repeated, “That’s just the way I am.  But I have been trying to [participate] more 
and more.” 
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In contrast to her lack of participation in classroom discussion, Mary conferred often with Joe, 
the adult student sitting next to her.  When asked about how she initiated conversation with her 
classmates, Mary responded, “They talk to me first.  That’s basically it.”  In spite of her 
shyness, she was able to form a working partnership with Joe in this class.  She explained how 
this came about: 

 

We had never talked before.  So we just happened to be sitting there in this class and started 
talking and I had a question one day and I didn’t understand something and he started 
showing me, explaining it to me and so he’s helpful because if I don’t understand something, 
he’ll explain it to me.  And now, today, he didn’t understand something and I was explaining 
it to him. 

 

Mary was similar to other students who felt more able to interact with other students after 
getting to know them on a personal level (Gregoryk & Eighmy, 2009; Neer & Kircher, 1989). 

 Similar to Joe, Mary had no contact with either her classmates or instructor outside of 
class.  Lack of time for school was a particular issue for Mary.  “As soon as I’m out of class, I 
head straight to work.  I leave work; I pick up my kids; and go home.”  She fits in time to do 
homework and to study either at work or after her children go to bed around 10:00.  Mary 
acknowledged that traditional-age students have an advantage over her.  “A lot of the other 
students that live on campus, they can go to SLAC [Student Learning Assistance Center] or 
whatever when they need help and I can’t.”  

 In summary, Mary participated at a low level in classroom discussions because of her 
innate shyness.  She believed that in her other classes, she could be successful without actively 
participating.  Because mathematics is particularly difficult for her, Mary was trying to be more 
active in class in order to be successful.  While not contributing to classroom discussions, Mary 
formed a bond with a classmate and conferred regularly with him during class.  Like many other 
adult students, Mary did not have time to meet with classmates or the instructor outside of class 
for help. 

 

Cross-case Analysis 

Although Mary and Joe had different levels of participation in classroom discussion, they 
shared some classroom learning behaviors.  They both never missed class; they were always on 
time; and they were always prepared for the lesson.  The classroom observations revealed that 
the usual attendance for the class was only twelve of the fifteen enrolled students.  Of these 
twelve, it was not unusual for three or four to be late.  By showing up and always paying 
attention to the lesson, both Mary and Joe demonstrated that they were seriously trying to 
succeed in this course.  In addition, Mary and Joe believed they were particularly bad at 
mathematics.  Both avoided taking their required mathematics courses until late in their college 
careers.  Because of this, they felt under great pressure to pass this course. 

 Mary and Joe also shared concerns about the lack of academic support they felt in this 
class.  Supporting Kasworm et al.’s (2002) assertion that the classroom is the focus for learning 
for the adult undergraduate, both Mary and Joe had little contact with either classmates or the 
instructor outside of class and were not able to use college-provided learning assistance.  
Although Joe could ask his wife for assistance on homework, Mary had no one to help her when 
she finally started her homework late at night.   Even though both students were in the FOCUS 
program and were required to attend two hours of tutoring each week, they both felt abandoned 
to do their homework on their own. 

 Both Mary and Joe exhibited high levels of motivation and determination to succeed in 
this course.  In addition to having perfect attendance and always being prepared for class, Mary 
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and Joe put forth an effort to be active members of the class.  Even though Joe was daunted by 
the new teacher and students in class, he did not let this affect his level of participation.  Mary, 
who was innately shy, was trying to overcome this and participate more fully in class in order to 
pass the course. 

 Mary and Joe agreed that the classroom size and the social atmosphere of the class 
affected student participation.   When discussing the fact that everyone in this class paid 
attention, Mary remarked, “It’s a smaller classroom and he’s [the instructor] watching.”  Joe 
was particularly concerned with the social atmosphere of the class.  While he felt comfortable in 
one aspect, “I feel like everyone’s around the same because we’re all together because of our 
abilities in math—which are limited,” he was not comfortable with the change in instructor and 
classroom that took place at the beginning of this course, “You get used to a certain person and 
then you have to deal with another teaching method, another style.”  This change did not seem 
to affect Mary.  She had previously had a course with the new instructor and liked him.  “He has 
a way of teaching it where I can understand it immediately.”  Ironically, Joe, who was 
uncomfortable with the change, participated at a much higher level than Mary, who was more 
familiar with the new instructor.  Both Mary and Joe were affected by other students’ 
perceptions of them.  Mary reported that she did not offer answers to problems because she did 
not want to expose her ignorance.  Joe, although he denied caring about what other students 
believed, reported that he was more comfortable in class because he was not the only one to 
have problems with math. 

Factors that influenced Mary’s and Joe’s participation in classroom discussions and 
activities can by summarized by the table below: 
 

Factors that encourage 
Adult participation 

 Factors that hinder 
Adult participation 

Motivation to Succeed  Shyness 

Not Caring about Classmates Perceptions  Fearing Classmates Judgments 

Wanting to Help Others  Unfamiliar Material 

Personal Acquaintance with Classmates  Social Discomfort 

Table 1. Factors that influence adult student participation. 
 

Discussion 
Mary and Joe are examples of the growing adult population on America’s college campuses.  
Like many adults returning to college or enrolling in college for the first time, Mary and Joe 
struggled with mathematics.  For both of them, significant time had passed since their last 
formal mathematics course.  Although Mary and Joe had very different behaviors in the 
classroom, they both had to work hard to succeed in the course.  

This study demonstrated the diverse factors that influence adult students’ participation 
in the mathematics classroom.  Because many adult students come to college unsure of their 
abilities, especially in mathematics, instructors need to be aware of the factors that hinder 
participation and create situations in the classroom for students to get to know each other on a 
personal level and encourage a supportive environment in the classroom.  In addition, 
instructors should to be aware of the time constraints adult students face and provide 
opportunities for all students to access extra help with assignments.  Because the classroom is 
the main learning environment for adult students, instructors need to plan carefully to take full 
advantage of the time in class. 
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Understanding the factors that affect adults’ learning behaviors in the classroom is 
important in order to encourage adult students to participate fully in class.  Since active 
engagement in the social context of the classroom affects student learning, instructors need to be 
aware of the factors that influence adult student participation.  On the other hand, this study 
demonstrated that being proactive in classroom discussion did not always counteract other 
issues.  Mary’s main issue was time and anxiety, while Joe struggled with technology and the 
pace of the course.  While both students were able to pass the course, how their different 
behaviors impacted their success remains undetermined.  Further study is needed in order to 
understand the complex issues surrounding adult undergraduates learning mathematics. 
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Abstract 
In the United States a majority of the students who enroll in community colleges require a review of 
secondary math before they are eligible for college level mathematics. In the pre-algebra course, that 
has a high drop-out rate, the most difficult topic for students is fractions. In order to better understand 
the fraction concept Kieren separated it into five related sub-constructs. In Kieren’s model the 
foundational sub-construct of part-whole provides a path to the sub-constructs of ratio, operator, 
quotient and measure. This model was previously investigated and found effective by Charalambous 
& Pitta Pantazi (2007) with children and Baker, Dias, Doyle, Czarnocha & Prabhu (2009) with adults. 
This article extends the earlier study of Baker et al with adults by considering an alternate pathway to 
competency with operator and measure through multiplication and addition of fractions. This path is 
based upon Piaget's theories in which concepts develop through reflection upon corresponding 
procedures. The goal is to show that the path through direct extension of part-whole knowledge and 
the path through procedural knowledge work together and complement one another in explaining 
students’ competency with operator and measure. An open question of whether measure is part of the 
multiplicative structure of fractions is also addressed using a mixed methodology of quantitative and 
qualitative analysis. 
 
Keywords: Fractions, adult education, sub-construct, operator, measure 

 
Introduction 

It is increasingly common for prospective college students in the United States, especially those 
entering community colleges with open admission, to take entrance exams in mathematics.  

If they fail they must enroll in remedial courses that review middle and high school level 
mathematics.  These courses have a high dropout rate and thus serve as a barrier for adult students 
exploring the option of a college education (Hagedorn, Siadat, Fogelo, Nora & Pascarella, 1999). In 
these remedial courses fractions are typically the cause of more student angst than any other topic. 
One explanation for students' difficulties with fractions is the multifaceted nature of this concept. In 
an effort to clarify the different aspects of the fraction construct, Kieren (1976) maps out a fraction 
schema composed of five sub-constructs, the foundational sub-construct of part-whole knowledge and 
four secondary sub-constructs: ratio, operator, quotient and measure.  
An extension of this model by Behr, Harel, Post & Lesh (1993) that relates the four secondary sub-
constructs to corresponding procedural knowledge is often used to support an educational approach 
based upon the direct extension of students' part-whole knowledge to the four secondary sub-
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constructs in order to give meaning to the corresponding procedural knowledge. Reform minded 
educators follow this approach because they believe the traditional fraction curriculum has too much 
focus on procedural algorithms and prefer an emphasis on Kieren's sub-constructs as the starting point 
for instruction.  

The quantitative analyses by Charalambous & Pitta-Pantazi (2007) with children, and Baker, 
Dias, Doyle, Czarnocha & Prabhu (2009) using an identical set of exercises with adults, both confirm 
Kieren's underlying hypothesis that part-whole knowledge should be used as a basis for competency 
with the remaining fraction sub-constructs. However, with regard to the Behr et al (1993) extension of 
the Kieren model to procedures (Kieren-Behr model) the work of Charalambous & Pitta-Pantazi 
(2007) and Baker et al (2009) highlight cognitive differences between children and adults. For 
children the approach of operator and measure enabling proficiency with the corresponding 
procedures of multiplication and addition was suitable. 

In contrast adults experienced more difficulty with operator and measure than multiplication 
and addition. This indicates that operator and measure are not necessary for proficiency with 
multiplication and addition. 

In this present study1 with adult students, conceptual knowledge of operator and measure is 
taken not as a path to procedural knowledge but instead as the goal of instruction.  In this sense it is 
the converse hypothesis to whether conceptual knowledge enables procedural knowledge that is being 
tested. Thus, using statistical analysis, the primary objective of this study is to determine which 
pathway is the most effective in explaining students' competency with the operator and measure 
concepts: Through direct extension of part-whole knowledge, through the corresponding procedural 
knowledge of multiplication and addition, or do these pathways work together and complement one 
another? Like the prior empirical studies on development of fractions knowledge (Charalambous & 
Pitta-Pantazi (2007); Wilkins & Norton (2009, 2010 and 2011); Baker et al (2009)) this quantitative 
investigation is subject to the limitations that come with trying to understand processes by analyzing a 
written set of exercises without direct observation of the learning mechanisms involved. 

However, this limitation does not render the results invalid indeed, as eloquently stated by 
Wilkins & Norton quantitative analysis is an effective and appropriate methodology for testing 
hypothetical models of learning (2009). These authors cite Kilpatrick (2001) as having called upon 
mathematics educators to test using quantitative analysis, “… hypotheses that are derived from 
qualitative research” (2011, p.386). 

The statistical analysis of the quantitative results in this study, like those mentioned 
previously, seeks to overcome this limitation through the following premise. Given a positive and 
significant correlation between two variables when there is a significant difference between them, it is 
reasonable to conclude that the variable students find easier, concept X, has substantial potential to be 
used in acquiring the variable they find more difficult, concept Z. This can be expressed as, X implies 
Z or X is necessary but not sufficient for Z.  

This premise is what allows Charalambous & Pitta-Pantazi (2007) in their empirical study 
using statistical analysis to conclude that,  “… the part-whole interpretation of fractions should be 
considered a necessary, but not sufficient condition for developing an understanding of the remaining 
notions of fractions…”' (p.310). Then using this premise they relate conceptual understanding of the 
sub-constructs to procedural knowledge, “… a profound understanding of the different interpretations 
of fractions can uplift students' performance on tasks related to the operation of fractions…” (p.311).  

In the methodology section the basic premise underlying this statistical analysis is extended to 
include two independent variables, part-whole and procedural knowledge of either multiplication or 
addition. Then analysis of variance is used to determine which of these variables has more influence 
in explaining variations in the corresponding conceptual knowledge of operator or measure; whether 
these variables work together and supplement one another is also tested. If part-whole is the dominant 
influence this will support for the Kieren-Behr model.  

On the other hand, if procedural knowledge is the dominant influence, this will support 
learning theories based upon Piaget in which concepts develop through reflection upon procedural 
knowledge (Sfard 1991; Czarnocha, Dubinsky, Prabhu & Vidakovic, 1999). The third possibility is 
that conceptual knowledge of part-whole and procedural knowledge of multiplication and addition are 
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both significant and complement one another. This result would support the model of Gray, Pinto, 
Pitta & Tall (1999) which proposes two separate cognitive pathways to concept development through 
reflection upon either existing concept knowledge or procedures. 

One area in which the study of Charalambous & Pitta-Pantazi (2007) did not support the 
Kieren-Behr model was the lack of correlation between measure and addition of fractions.  
Investigation into this lack of correlation was left for future research by these authors. A reason for 
the weak or non-existent correlation may be found in the open question posed by Wilkins & Norton 
(2009); whether measure is part of the multiplicative structure of fractions.  For this reason, a 
secondary objective is to investigate the role of part-whole, addition and multiplication in promoting 
measure. Quantitative methods will be used to determine whether measure is closer to the 
multiplicative or additive structure of fractions. Acknowledging the limitations of this technique, a 
transcript of a small group session is reviewed to provide insight into these relationships.  

 

Theoretical Foundation 
The Kieren-Behr Model 

In Figure 1 the reader can view the distinction between conceptual knowledge in part-whole, the four 
secondary sub-constructs in the middle row (Kieren, 1976) and the procedural knowledge of addition 
and multiplication of fractions represented in the bottom row (Behr et al, 1993). 

 
Part Whole

Ratio Quotient

Figure 1

Operator Measure

equivalence Multiplication Problem 
Solving

Addition

 

 

 
 

 
 

 
 

 
 

 
 

Figure 1.  Kieren- Behr model, Excerepted-from Behr et al, 1993, p.100 

 
The hierarchical structure of Figure 1 suggests that part-whole knowledge will imply competency 
with the four secondary sub-constructs, a proposition that was confirmed by Charalambous & Pitta-
Pantazi (2007) and Baker et al (2009). The structure of Figure 1 also suggests that competency with 
sub-constructs such as operator and measure will imply proficiency with the corresponding 
procedures. For this reason, a narrow interpretation of Figure 1 leads to the conclusion that knowledge 
of operator and measure is necessary for proficiency with multiplication and addition of fractions.  

 
Educational and Developmental Approaches 

Haapasalo & Kadijevich (2000) outline two distinct pedagogical methods; the Educational Approach 
and the Developmental Approach to mathematics based upon the relationship between procedural and 
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conceptual knowledge. In the Educational Approach concepts enable procedural knowledge and 
pedagogy for fractions that follows this approach focuses on extending students' part-whole 
knowledge to the secondary sub-constructs as suggested by the Kieren-Behr model (Figure 1). The 
Developmental Approach is based upon the enrichment of conceptual knowledge through reflection 
upon procedures. Haapasolo & Kadijevich propose that learning theories based upon Piaget in which 
concepts develop through reflection upon procedural actions support this approach.  

 

The Piaget based model-APOS 

Dubinsky describes the APOS (action-process-object-schema) model of concept development based 
upon the work of Piaget as a cycle that begins with action upon existing concepts, “first, an action 
must be interiorized … this means some interior construction is made relating to the action. An 
interiorized action is a process” (Dubinsky, p107, 1991).  

The process is then reflected upon and abstracted into a new object, thus concepts develop 
through reflection upon procedures. 

  

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Concept Development-Dubinsky APOS 

 

In Figure 2, the sequence of arrows labeled interiorization and encapsulation follow the 
transformation of a learner from procedural action on existing concepts to reflection upon these 
procedures and the resulting development of new concepts.  It is important to note that there is no 
arrow representing direct reflection upon existing conceptual knowledge, thus a narrow interpretation 
of Figure 2 results in the conclusion that procedural knowledge is necessary for concept development. 
In this sense the APOS model can be seen as support for the Developmental Approach. 

 

Two Separate Cognitive Pathways to Concept Development 

Some educators characterize the restriction that concepts arise through refection upon procedure as a 
narrow interpretation of the work of Piaget. They claim Piaget would allow for mental actions 
associated with reflection upon existing concepts as well as procedures. (Gray et al, 1999; Berger, 
2005; Gilmore & Inglis, 2008; Tall, 1999; Gray & Tall, 2001).  

Encapsulation

Objects Processes

Generalization

Interiorization

Action

Coordination 
Reversal

Excerpted from: Figure 13, Schemas and their construction, p.107 Dubinsky 1991
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Excerpt from Figure 2: different kinds of mental entities 
arising through perceptions, actions and reflections 
Gray and Tall (2001)

Embodied 
Objects
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Figure 3. Two Separate Pathways to Concept Development-Gray and Tall 

 

Figure 3 depicts two pathways to development of concept and theories of learning. The path on the 
left represents perceptions and reflection upon existing concepts and is similar to the pathway from 
part-whole to the secondary sub-constructs in Figure 3. The path on the right represents reflection 
upon actions and is similar to the pathway to concepts depicted in Figure 3.  

 

Previous Research with Children: Operator 

The results of Charalambous & Pitta-Pantazi (2007) show a strong positive correlation between the 
part-whole sub-construct and the operator sub-construct. On the other hand the correlation between 
operator and multiplication, although significant was relatively weak.  

This result suggests the Educational Approach of direct extension of part-whole to operator is 
more appropriate than the Developmental Approach using multiplication as a path to operator.  

Mack (2000) follows the Educational Approach to investigate the effectiveness for children of 
the direct extension of their part-whole knowledge to the operator concept. She concludes that 
children draw heavily on their knowledge of partitioning during problem solving with operator and 
multiplication and that their understanding of the operator concept deepened over time.  One problem 
she noted with the traditional algorithm for multiplication was that it, “… dominated their thinking 
…”' (p.329).  

Thus, the quantitative analysis by Charalambous & Pitta-Pantazi (2007) and the qualitative 
analysis by Mack (2000) both validate the Educational Approach for children.  
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Previous Research with Children: Measure 

In a longitudinal study focusing on Kieren's sub-constructs, Lamon (2007) refers to the measure sub-
construct as the strongest because of its connection to the others. However, the work of Charalambous 
& Pitta-Pantazi (2007) indicates measure is the most difficult of the sub-constructs.  Furthermore it 
does not correlate significantly with addition of fractions. They leave this lack of association between 
measure and addition as an open question for future research.  

Wong & Evans (2008) confirm the difficulty children have relating measure concepts with the 
symbolic addition algorithm.  

The results of Charalambous & Pitta-Pantazi (2007) show that although the correlation 
between part-whole and addition was significant it was relatively weak. Herman et al (2004) confirm 
that children experience difficulty relating their part-whole pictorial imagery to the addition algorithm 
in a meaningful way. This leads them to conclude that the pathway of extending part-whole to object 
status is cognitively different than that to the addition algorithm.  

 

Adults Reviewing Fractions 

Research in learning fractions is for the most part restricted to children however, the large number of 
students in the U.S. who enter community colleges requiring a review of this topic suggests a need to 
explore the cognitive differences between children and adults. Adult students have previous 
experience, often negative, with the concepts and procedures of fractions. Many are returning to 
college after years of work or family life and their ability to recall fraction procedures can be a 
challenge.  

The study of Baker et al (2009) followed the work of Charalambous & Pitta-Pantazi (2007) 
and investigated adults reviewing fractions within the framework of the Kieren-Behr model (Figure 1). 
The results show that although the direct extension of part-whole to operator and measure was 
appropriate, multiplication and addition were more readily understood than operator and measure. 
This result suggests that competency with operator and measure is not necessary for proficiency with 
multiplication and addition and lead to the present investigation into whether adult students have the 
potential to use procedural knowledge to become competent with operator and measure.  

It is important to note that the exercises were geared towards children, and the use of more 
difficult exercises is a consideration before concluding the Educational Approach is inappropriate for 
adults. It also important to note that although the direct extension of part-whole knowledge to operator 
and measure may not be effective when the goal is taken to be procedural knowledge, these concepts 
can be understood as the goal of fraction pedagogy. 

In this present study working with a new set of exercises appropriate for the adults 
(Appendix) and the assumption that conceptual development is the goal of mathematics pedagogy, the 
question becomes which approach to operator and measure demonstrates more potential as a pathway 
to concept competency? The Educational Approach through direct extension of part-whole or the 
Developmental Approach through corresponding procedural knowledge? 

 

The Sub-constructs of Part-Whole, Measure and Operator 

The definition and exercises used to evaluate the fraction sub-constructs (Appendix) are taken as in 
Charalambous & Pitta- Pantazi (2007). However, exercises were included from the adult curriculum 
to insure the exercise sets were a valid measure of the content these students were required to be 
proficient with. These exercises are from a different perspective thus factor analysis is used to verify 
the components of each set of exercises. In addition a reliability test is done to determine the internal 
consistency of each exercise set.  
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The part-whole sub-construct interprets the symbol notation   to represent the partitioning of 
a whole entity either continuous or discrete into q equal shares and then taking p out of the q shares of 
a quantity. The part-whole sub-construct is used as a foundation for developing rational number sense 
in the mathematics curricula and generates much of the language used for describing fractions (Behr 
et al, 1983). The part-whole sub-construct was evaluated through exercises that involved translating a 
pictorial image into a fraction as well as the inverse processes of shading in objects to represent a 
given fraction.  

All the exercises for part-whole were used in Charalambous & Pitta-Pantazi (2007). The 
operator concept is associated with applying a function to a quantity. It is synonymous with the 
process of taking a fraction of some quantity, thus the operator sub-construct interpretation of  
involves multiplication or expansion by p and division or contraction by q. Exercises used to evaluate 
the operator sub-construct included two sets of exercises both of which were used in Charalambous & 
Pitta-Pantazi (2007).  The first component contains the input-output box in which the output is a 
fractional amount of the input quantity. The second component contains exercises that translate taking 
a given fraction  of some quantity into appropriate statements of multiplication by p and division by 
q. Also included in this sub-construct were exercises based upon the adult curriculum. These included 
taking a fraction of a quantity, taking a fraction of a fraction of a quantity and the inverse process.  
These exercises are identified in the appendix.  

Charalambous & Pitta-Pantazi consider the measure concept to be related to the relative size 
of a number. In particular this involves an understanding of partitions of the unit interval into 
segments and iterations of this segment. In this sense, measure involves an application of the part-
whole concept to determine the placement of the fraction   on an interval with a designated unit 
through dividing the unit into q equal parts and then iterating this process p times. Thus, the measure 
sub-construct can readily extend the part-whole process to include improper fractions. 

Although the measure sub-construct is frequently evaluated through placement of a fraction 
on the number line Charalambous & Pitta-Pantazi suggest that, “to fully develop the measure 
personality of fractions students also need to master the order and equivalence of fractions.”' (p.310) 

For this reason, the exercises used to evaluate measure include placement on the number line 
(Charalambous & Pitta-Pantazi, 2007) and two exercises from the adult curriculum that involve 
ordering and consideration of the relative size of fractions.  These exercises are identified in the 
appendix. 

 

Measurement as Multiplicative Reasoning 

Thompson & Saldanha (2003) place measure and the other sub-constructs within the context of 
multiplicative reasoning.  Lamon’s (2007) intuition that Kieren's sub-constructs are part of the 
multiplicative structure inherent in solving proportions leads her to ask, “what are the links between 
additive and multiplicative structures?” (p.662).   Wilkins & Norton are more specific in asking, “… 
whether the measure sub-construct supports multiplicative reasoning, as the operator sub-construct 
does” (2010, p.181). The consideration of measure as part of the multiplicative instead of the additive 
structure (Figure 1) is supported by the lack of correlation between measure and addition for children 
(Charalambous & Pitta-Pantazi, 2007).  

 

Objectives 

The first research objective is to determine which of the three hypothetical pathways demonstrates the 
most potential benefit for students' competency with operator and measure; through direct extension 
of part-whole, through procedural proficiency or through the integration of these factors. These 
pathways are tested using statistical analysis to determine which has more influence in explaining 
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variations in competency with operator and measure. If part-whole is the dominant influence this will 
support the Educational Approach, the Kieren-Behr model (Figure 1) and reform pedagogy with its 
focus on concepts. If procedural proficiency is the dominant influence this will support the 
Developmental Approach, the APOS model (Figure 2) and the traditional curricula focus on 
procedural proficiency. On the other hand, if both variables part-whole and procedural proficiency are 
significant and work together this will support the separate cognitive pathways approach advocated by 
Gray & Tall (Figure 3) and indicate that reform and traditional pedagogy have common ground that 
needs to be explored. 

The measure sub-construct has been called the most powerful sub-construct and yet the 
relationship between measure and the procedural factors of multiplication and addition of fractions 
remains an open question.  The second research objective is to employ both quantitative and 
qualitative analysis to determine whether measure is closer to the additive (Figure 1) or multiplicative 
(Wilkins & Norton, 2010) structure of fractions. 

 

Methodology 
Research Questions 

Research Question 1: Which is the most significant and influential factor in predicting variation in 
students' competency with the operator and measure sub-constructs?  

• Part-whole knowledge (Educational Approach, Figure 1) 
• Procedural proficiency of multiplication and addition of fractions (Developmental 

Approach, Figure 2) 
• Do part-whole knowledge and procedural proficiency with multiplication and addition 

complement each other in explaining competency with operator and measure? (Figure 
3) 

Research Question 2: Which is the most influential predictor of variation in competency with the 
measure sub-construct, part-whole knowledge, addition of fractions, or multiplication of fractions?  

 

Setting 

The following study is based on quantitative statistical analysis of data involving fraction concepts 
and procedures collected over several semesters from 333 adult students enrolled in pre-algebra 
courses taught by six professors of Mathematics at Hostos Community College (HCC) and Bronx 
Community College (BCC) both urban community colleges in the City University of New York 
(CUNY) system. The student body at these community colleges is predominately female (70%-80%) 
and minority (85%-95%) and is the mathematically weakest group of students applying to the CUNY 
system. These students have failed both the algebra and pre-algebra placement exams in mathematics 
and are not eligible to take college level mathematics course until they pass these courses. At these 
community colleges the pre-algebra course lasts fourteen weeks and it covers real numbers such as 
decimals and fractions, proportions, percent and an introduction to algebra.  

 

Quantitative Analysis 

Six professors of mathematics acting as teaching researchers at HCC and BCC gave 333 adult pre-
algebra students sets of exercises to be completed as homework. The exercises included tasks on the 
concepts or sub-constructs; part-whole, operator, and measure as well as the procedural factors of 
multiplication and addition of fractions (Appendix). They were taken from the exercise sets used by 
both Charalambous & Pitta-Pantazi (2007) with children who used quantitative analysis to verify the 
Kieren-Behr model of Figure 1. However additional exercises from the adult curriculum have been 
added to make the sets correspond to the appropriate level for these adult students.  
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In the quantitative analysis for this study, variables may be either concepts or procedures.  
The sub-construct part-whole will be an independent variable and labeled X. The other independent 
variable will be the procedural factor of either multiplication or addition and will be labeled Y.  

The dependent variable is either operator or measure and will be labeled Z.  Although 
statistical analysis using correlations does not provide direct observation of an individual's 
development, it demonstrates how strong a relationship is between variables for a group of students 
and thus verifies the potential for a hypothetical pathway of learning.  In this study, the hypothetical 
pathways are from X to Z (Educational Approach, Figure 1) or from Y to Z (Developmental 
Approach, Figure 2).  The quantitative analysis of correlations between variables used in this study is 
based upon the assumption that the mean scores of two variables are significantly different (T-test) 
and there is a positive and significant correlation between them.  

In this case the underlying premise is that students' knowledge of the easier concept X or 
factor Y will precede and be used to acquire knowledge of the more difficult concept Z. Thus 
knowledge of X will imply knowledge of Z, this will be written as, X ⇒ Z. Furthermore, the square of 
the correlation coefficient r2 indicates the percent variation of Z explained by X.  

This will be written as X ⇒Z (r2%). For example, if X ⇒Z (25%) then 25% of the students' 
grade on Z is determined by how they did on X. In particular, if a class of students is proficient in X 
then about 25% of the class is competent with Z. 

Statistical correlations are sufficient to test the relationship between two variables however to 
consider the effect that two independent variables X, Y have on a third dependent variable Z a 
multiple linear regression analysis or analysis of variance (ANOVA) will be used.  

In this study an underlying assumption for such a model is that each independent variable 
correlates significantly with the dependent variable and there is a significant difference between the 
mean score of each independent and dependent variable. The F-value or ratio is an indicator of the 
strength of the relationship between the independent and dependent variables and the p-value 
determines whether the model is significant. Assuming the model is significant, the relevant question 
becomes, what is the interaction between these variables?  

The first indicator of how the independent variables interact in the model is the significance 
value of each variable. When both independent variables X, Y are significant they work together for 
predicting or explaining the dependent variable Z. In this case, the two independent variables can be 
considered as separate pathways to the dependent variable, this will be written as X & Y ⇒Z. 

Although an ANOVA provides a correlation coefficient (r-value) for a multiple independent 
variable model because of the interaction between these variables the ANOVA also provides an 
adjusted r2 value that is slightly lower than and used in place of the r2 value to determine the variation 
of the dependent variable explained by the independent variables working together.  This will be 
written as X & Y ⇒Z, (adj-r2) to indicate that X and Y together explain the given percent of variation 
in Z.  

The second indicator of how the independent variables interact is the beta value. The beta 
value is a measure of how much influence each independent variable has in predicting or explaining 
variation in the dependent variable. More specifically a beta value of 0.5 for X indicates that for every 
unit change of a standard deviation of X, there is a corresponding 0.5 or 50% change of a standard 
deviation in Z.  

The exercise set used in Baker et al (2009) was identical to that used by Charalambous & 
Pitta- Pantazi. However, in this study exercises from the adult curriculum have been included to the 
sets evaluating operator, measure, multiplication and addition. These exercises were included because 
they are similar to questions used on college readiness exams the students must pass to exit from 
remedial mathematics. Following Cramer, Post & delMas (2002) principal component analysis will be 
used to determine number of components or factors in each subset and the Kaiser-Meyer-Olkin 
measure of sampling adequacy is found to demonstrate the acceptability of the factor analysis. Factor 
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loading values from the component matrix and commonality values are included with in the appendix. 
Ideally each set of exercises should be one component or factor however, in order to maintain some 
resemblance and congruency to the earlier work of Charalambous & Pitta-Pantazi (2007) and Baker et 
al (2009) the original set will be left intact and not decomposed into subsets even when factor analysis 
reveals it could be. 

Thus, the objective of factor analysis is not to decompose the existing exercise set but to 
understand what the components are and to ensure that when exercises from the adult curriculum are 
included to the original set they do not increase the number of components or factors. As in Cramer, 
Post & delMas (2002) a reliability test (Cronbach's alpha value) is given to determine the extent to 
which the exercises in each construct are related to one another, this test provides an overall index of 
the repeatability or internal consistency of the scale as a whole. Thus, the exercise set that is deemed 
acceptable as a result of the factor and reliability analysis can be viewed as a coherent or reliable set 
of exercises with potentially several components. Furthermore, these components existed in the 
original set of exercises used in previous research and any exercise included from the adult curriculum 
will fit into one of the existing components. 

 

Qualitative Analysis 

Quantitative techniques will be used in both the first and second research question. The first question 
involves testing hypothetical pathways to concept competency developed from well established 
models of learning that have been extensively used as theoretical foundations for qualitative research 
in mathematical education thus the quantitative methodology is appropriate to clarify the 
discrepancies between these models. The second research question has not been widely studied 
therefore it will be analyzed through a mixed methodology. Quantitative analysis is used to determine 
the probable relationship between the additive and multiplicative structure and the measure sub-
construct. 

Then qualitative transcripts of a small group study session are reviewed for evidence of the 
underlying learning mechanisms behind the statistical relationships observed.  

The small group session (3-5 students) was conducted by a group leader (teacher-researcher) 
as part of a teaching-research experiment2 on problem solving following the Educational Approach. 
The transcripts were recorded and reviewed and edited by another member of the research team.  The 
research objective of the group sessions was to determine how they think and to understand the route 
they use to answer a given problem. 

 

Results 

Principal Component Analysis 

Factor analysis or more accurately principal component analysis was used to determine the number of 
factors in each sub-construct. Ideally each sub-construct would be one factor however, as these 
exercises sets are formed by including exercises appropriate for adults with those developed for 
children by Charalambous & Pitta-Pantazi (2007) and used by Baker et al (2009) it would make 
comparisons to earlier work problematic if groups of exercises from these original sets were dropped 
for the sake of consolidation.  Thus factor analysis is used to understand the components of these 
original set of exercises and set a criteria that any exercise included cannot increase the number of 
factors in the original set of exercises. The Kaiser-Meyer-Olkin measure of sampling adequacy is used 
with preferred value of at least 0.7 and cutoff point of 0.6 is used to determine whether the factor 
analysis is appropriate Kaiser (1970). 

The Cronbach's alpha with preferred value of 0.7 but cutoff point of 0.6 (Cramer et al, 2002) 
is used to determine whether the exercise set is reliable or internally consistent.  

The acceptability of the factor loading values and commonality values according the criteria 
used by Cramer et al (2002) are listed in the appendix.  
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The 11 exercises used to assess student understanding of Part-Whole are taken from 
Charalambous & Pitta-Pantazi. The Kaiser-Meyer-Olkin measure of sampling adequacy was 0.83 
which is relatively high and suggests the factor analysis is appropriate. The exercises that involved 
direct translations from a picture to a fraction were one component. The exercises that involved both a 
translation from a picture to a fraction and then the inverse process represented another component. A 
reliability test was performed and the Cronbach's alpha value was 0.8 and thus the Part-Whole 
exercises demonstrate good reliability and internally consistency. 

The operator sub-construct was assessed through 8 exercises. 6 of these exercises were used 
by Charalambous & Pitta-Pantazi (2007) and Baker et al (2009). Factor analysis revealed there were 
two components the first involved exercises using input-output boxes or function boxes in which the 
output was a fraction of the input. Also included in this factor was an exercise involving taking a 
fraction of a quantity. The second component involved the interpretation of taking a fraction of a 
quantity into language statements involving multiplication and division of the numerator and 
denominator. The two exercises included in this present study involved an iteration of taking a 
fraction of a quantity and an inverse input-output box. Factor analysis revealed these three exercises 
all fit in with the first component of input-output boxes. The Kaiser-Meyer-Olkin measure of 
sampling adequacy was 0.63 which is slightly below standard acceptability but above the cut off value 
of 0.6. The Cronbach's alpha value was 0.64 which is not spectacular but above the 0.6 cut off point 
indicating this exercise set is sufficiently reliable.  

The 8 exercises that made up multiplication and division of fractions contained 4 exercises 
from Charalambous & Pitta-Pantazi (2007) and Baker et al (2009) and 4 new exercises.  Factor 
analysis revealed all 8 exercises were in one factor or component. The Kaiser-Meyer-Olkin measure 
of sampling adequacy was 0.74 is in the average or standard acceptable range. The Cronbach's alpha 
value was 0.62 which is rather low although but above the cutoff point used by Cramer et al (2002). 

The Measure sub-construct was evaluated by 7 exercises 5 from Charalambous & Pitta-
Pantazi (2007) with 2 additional exercises included. As stated early the 2 exercises included were an 
attempt to extend the assessment of measure beyond the use of the number line to include the relative 
size or order of the fractions as suggested by Charalambous & Pitta-Pantazi (2007). The original set of 
5 exercises used by Charalambous & Pitta-Pantazi contained two components or factors one in which 
students located the fraction on a number line with some given segmenting and two exercises that 
involved placement of the unit on a number line that contained only a fractional quantity and 0 labeled. 
Factor analysis revealed that two additional exercises involving ordering or the relative size of a 
fraction were both in the first component.  The Kaiser-Meyer-Olkin measure of sampling adequacy 
was 0.66 which is slightly below the average or standard of 0.7 and is what can be termed the 
mediocre but still above the cut off value 0.60.  The Cronbach's alpha value was 0.66 which is rather 
low well above the cutoff point 0.6 used by Cramer et al (2002). 

The 7 exercises that made up addition and subtraction of fractions contained two components. 
The first contained 2 exercises with addition of proper fractions used by Charalambous & Pitta-
Pantazi (2007).  The second component contained 5 addition and subtraction with mixed numbers or 
both whole numbers and mixed numbers 3 of which were added for this study. The Kaiser-Meyer-
Olkin measure of sampling adequacy was 0.78 which is relatively high and indicates factor analysis is 
appropriate. The Cronbach's alpha value was 0.74 which is in the standard range and indicates the 
exercises are internally consistent and reliable.  

 

Student Performance, Mean and Standard Deviation  
Paired T-tests reveal that the mean scores in Table I for each pair of variables are significantly 
different.  Thus part-whole knowledge of fractions is significantly easier for students than measure 
and operator, which suggests the Educational Approach is appropriate. These results are in agreement 
with the earlier findings of Baker et al (2009) with adult students and Charalambous & Pitta-Pantazi 
(2007) with children. 
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Variable                  * SD 
1) Part-whole  0.67 0.23 
2) Operator  0.53 0.27 
3) Measure 0.47 0.27 
4) Multiplication  0.64 0.28 
5) Addition  0.57 0.29 

                                        (*) n= 333 

Table 1. Mean scores and standard deviations on sub-constructs 

 

The mean scores in Table I also confirm the result of Baker et al (2009) that the procedural factors of 
multiplication and addition are significantly easier for students than operator and measure. This 
suggests the Developmental Approach may also be appropriate. 

Furthermore, in this study the procedural exercises were more rigorous than those used 
previously in Baker et al (2009) which were designed for children.  

Thus, the research question of whether part-whole knowledge or procedural knowledge is 
more significant and influential in predicting students' competency with the operator and measure is 
valid. 

 

Operator 

The square of this correlation between part-whole and operator r2 =0.203 indicates that 20.3% of the 
variation in students' competency with operator, represented by Z, can be explained by their 
competency with part-whole, represented by X, X ⇒ Z (20.3%).  The square of the correlation value 
between multiplication, represented by Y, and operator demonstrates that Y ⇒Z (37.2%).  

 

Variable  Part-whole Multiplication Operator 
Part-whole  1.00 0.36** 0.45** 
Multiplication   1.00 0.61** 
Operator    1.00 

                        Pearson Correlations r, **Significant at 0.01 level (2-sided) n=333 

Table 2. Correlations r-values. Operator. 

 

This suggests the Developmental Approach through multiplication is a more effective path to 
competency with operator than the Educational Approach through part-whole.  

As both part-whole and multiplication are significantly easier than and good predictors of 
operator the next step is to test whether they supplement one another. For this reason a multiple 
regression analysis or analysis of variance ANOVA with independent variables, part-whole X, 
multiplication Y, and dependent variable operator Z, was conducted to determine whether these two 
paths work together to increase operator competency. The results with 2 independent variables and 
n=333 students are F (2, 333) = 127, p<0.001. The adjusted r2 reveals that 43.1% of the variation of 
the operator is explained by these two variables X & Y ⇒Z (adj-43.1%).  The use of both variables 
results in a 15.8% increase in student competency with operator over that obtained using only 
multiplication Y ⇒ Z (37.2%).  Thus, an integration of the Educational and Developmental 
Approaches has potential benefit for increasing students' competency with operator. 
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Predictor Variable      Beta p-value 
1) Part-whole  0.27 p<0.001 
2) Multiplication 0.52 p<0.001 

Table 3. Beta and significance values. Operator. 

 

The beta values in Table III indicate that multiplication Y has more influence than part-whole X in 
explaining variation in operator Z, this reinforces the Developmental Approach and the APOS model 
with its focus on reflection upon procedural knowledge as more effective than the Educational 
Approach.  However, the p values in Table III indicate that both part-whole and multiplication are 
highly significant variables in explaining variation in operator. This supports the two separate 
pathways approach and thus provides further evidence that the Educational and Developmental 
Approaches should be integrated.  The following diagram represents a visual schema for competency 
with operator based upon part-whole and multiplication.  

 
Figure 4. Adults' Operator Schema. Percents reflect mean scores. 

Decimal values (arrows) represents correlations. The r-value for the 
combined pathways to operator is 0.66 

 
The two separate pathways to operator competency visually expressed in Figure 5, are different than 
the results for children which support the Educational Approach.  The teacher-researchers in this 
study agree that a class lesson about operator based upon multiplication and supplemented with part-
whole is readily understood by adult students.  However, even though exposed to such lessons, 
evidence of students using their part-whole knowledge when they are independently solving operator 
exercises is very rare.  Thus, although students demonstrate a potential increase of competency with 
operator through a pedagogy that integrates part-whole and multiplication, and they will readily 
follow such a lesson plan they will almost exclusively use arguments based upon multiplication when 
solving operator exercises.  In this way they are similar to the children observed by Mack (2000). 

 

Measure 

Table I indicates that part-whole (67%) was the more readily understood than measure (47%). Table 
IV demonstrates a positive and significant correlation between them (r = 0.49) and the r2 value 
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indicates 24% of the variation in measure Z is explained by variation in part-whole knowledge X, X 
⇒ Z (24%).  

 

Variable  Part whole   Add    Multiply Measure 
Part-whole   1.00             0.44**       0.36**  0.49** 
Addition                      1.00       0.61**       0.41** 
Multiplication        1.00  0.40** 
Measure   1.00 

                   Pearson Correlations, **Significant at 0.01 level (2-sided), n=333 

Table 4. Correlations between part-whole, addition, multiplication and measure 

 

The square of the correlation between addition and measure indicates that only 16.8% of the variation 
of measure is explained by that of addition Y, Y ⇒ Z (16.8%).  These results suggest that part-whole 
is a more dominant influence than addition in explaining measure and thus for adults and children the 
Educational Approach is more effective.  However, these results show a potential for adults, that 
addition may supplement direct extension of part-whole. For this reason, a multivariate linear 
regression ANOVA is used to test whether the independent variables of addition Y and part-whole X 
work together in explaining students' competency for the dependent variable of measure Z.  The 
results with 2 independent variables and n=333 students are F (2, 333) = 65.9, p<0.001.  The adjusted 
r2 value reveals that 28.1% of the variation of the measure sub-construct is explained by these two 
variables X & Y ⇒ Z (adj-28.1%).  This quantifies as 17.1% the increase in student competency with 
measure obtained over using only part-whole X ⇒Z (24%). This supports an integration of the 
Educational and Developmental Approaches to competency of measure.  

 

Predictor Variable      Beta p-value 
1) Part-whole  0.38 p<0.001 
2) Addition 0.24 p<0.001 

Table 5. Beta and significance values. Measure. 

 

The beta values in Table V show that part-whole is a more influential predictor of measure than 
addition.  This confirms that the Educational Approach in more effective than the Developmental 
Approach.  However, the p values indicate that both part-whole and addition are significant variables 
in explaining variation in measure. This provides support for the two pathways model of Gray & Tall 
and again suggests a potential benefit for the integration of the Educational and Developmental 
Approaches for competency with measure.  
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Figure 5. Adults' Measure Schema. Percents reflect mean scores. The decimal value (arrows) 

represents correlations. The r-value for the combined pathways is 0.53 

 

In Figure 5 the arrow labeled object reflection represents the direct extension of part-whole to 
measure. This represents the Educational Approach and is the most effective pathway to competency 
with measure.  The arrow labeled process reflection represents the supplemental pathway through 
addition.  The teacher-researchers in this study, based upon anecdotal classroom evidence, suggest 
that measure has a lot of potential for assisting in problems involving fractions and percent.  However, 
students do not easily relate the addition algorithm to measure.  

 

Multiplicative Structure and Measure-Quantitative Analysis  

The correlation between multiplication and measure r=0.40 is very close to the correlation between 
addition and measure r=0.41 (Table IV). Thus, it is reasonable to ask whether measure is closer to the 
multiplicative or the additive structure of fractions.  The first part of the investigation involves 
quantitative analysis of variance ANOVA with three dependent variables; part-whole knowledge X, 
addition Y1 and multiplication Y2 to predict students' competency with measure Z. In order to 
determine which factor has the most influence on measure.  The results with 3 independent variable 
and n=333 students F (3,333) = 48.9, p<0.001, with adjusted r2 that reveals 30.2% of the variation of 
the measure sub-construct is explained by these three variables, X & Y1 & Y2 ⇒ Z (30.2%).  This 
represents a 25.8% increase over the 24% of variation in measure explained using only part-whole.  

 

Predictor Variable      Beta p-value 
1) Part-whole  0.36 p<0.001 
2) Addition 0.13 p=0.03 
3 Multiplication  0.19 p=0.01 

Table 6. Beta and significance values. Measure. 

 
The beta values suggest that while part-whole is by far the most influential predictor of measure 
however, multiplication and addition are significant. The fact that the beta value for multiplication is 
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higher than that for addition supports the hypothesis that measure is closer to the multiplicative 
structure of fractions. This is one possible reason for the lack of correlation between measure and 
addition found in Charalambous & Pitta-Pantazi (2007).  

 

Multiplicative Structure and Measure-Qualitative Analysis 

The following small group session was designed to introduce elementary concepts of algebra while 
simultaneously reviewing fractions.  The group leader (GL) was following the Educational Approach 
of extending part-whole knowledge to measure and then relating this to the addition algorithm. The 
conversation was recorded and edited by a member of the research team.  This transcript exemplifies 
the relationship between part-whole knowledge, addition of fractions and the measure concept.  The 
students involved were given the pseudo-names: Sandy, Laura and Fran.  

The group leader (GL) introduces the problem:  and asks the students how they would 
proceed.  There is no response so GL draws a circle using part-whole knowledge of fractions to 
stimulate discussion. Students follow the lead partitioning the circle up into halves and quarters, 
representing them correctly as ½ x or ¼ x. The GL then draws a number line with 0 and 1 and labels 1 
as 1x, and asks where ½ x is located, after they correctly respond the GL asks them to locate ¼ x.   

  

        0          ½x          1x  

  --|--------|----------|------  
 
GL:      Where would ¼ x go on the number line?  
Laura:         It would go between the 0 and ½ x 
GL:      Could you be more exact? 
Laura:         It would go exactly in the middle. 
GL:      Why? 
GL:      (turning to the other members of the group). How do we know that this position is ¼ 
     x? 
Fran:      Because half a dollar is two quarters. 
Laura:         Because four of them make up a whole. 
 GL:      How do you know four of these segments make up the entire segment? 
Sandy:         Because it is half the ½ x (After further discussion the group accepts this  
        explanation). 

 

Laura's explanation that four parts make up the whole can be interpreted as additive reasoning, 
assuming she iterated the ¼ x segment four times. Sandy's explanation can be viewed as evidence of 
splitting, she appeared to understand that two halves make a whole and thus half of a half would 
require twice this amount. Wilkins & Norton (2010) characterize such thought as being an early 
instance of multiplicative reasoning with fractions.  

 

   (After some discussion, the group work continues with the following diagram).  
GL:      Can you represent ½ x + ¼ x on the number line?  

   (After receiving no answer she rephrases the question). 
GL:      Okay, we know where ½ x and ¼ x are placed on this number line, now where  

   would we place the value of the expression: ¼ x more than ½ x on this number line?  
Fran:      (Points to the correct position). 
GL:      Okay and why do you know this is correct? 
Laura:      We count: 1, 2, 3 (pointing to three ¼ x segments as she counts). 
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GL:      Okay but what did you change the ½ x into while you were counting?  
   (The students appear to intuitively understand but unable to articulate the reason,  
   they are quiet so presently the GL continues, redirecting the question to the group) 

GL:      How many quarter x's did Laura use for ½ x? 
Laura:      I like um (pause), I used two.  
GL:      Why?  
Sandy:      Because it (pointing to the ½x) is two quarter x's (The others accept this  

   explanation). 

 

The group work continues, relating these measure concepts to the addition algorithm. Sandy who 
previously demonstrated the ability for splitting was able to articulate the equivalence of ½ x with  x, 
this suggests a link between splitting and the multiplicative reasoning required in equivalence of 
fractions.  Laura uses the visual representation of ¼ x and she iterates this three times to find the sum, 
this confirms her tendency towards additive reasoning specifically, her use of iteration to understand 
measure concepts. According to Wilkins & Norton (2011) the ability for splitting develops after and is 
more advanced than partitioning and iterating.  As Laura demonstrated the ability for iterating but not 
splitting and could not articulating a reason why two iterations of ¼ x are equal to ½ x this supports 
their claim.  

The measure tasks (Appendix) require both an understanding of the splitting and iteration 
processes.  These findings suggest that students who have developed beyond iteration and understand 
splitting are more effective in relating measure to fractional equivalence and thus the addition 
algorithm.  This suggests multiplicative reasoning, which is closely related to splitting, may be a 
prerequisite for relating measure to fractional equivalence and hence the addition algorithm.  

If multiplicative reasoning is required for relating measure to the addition algorithm and such 
reasoning comes after the ability for iteration this would explain why multiplication is more 
influential in predicting measure than addition.  

 

Conclusion 
In this study, quantitative analysis is used to investigate the potential of two hypothetical pathways to 
competency with the operator and measure sub-constructs for adults reviewing fractions. The first 
pathway is through the direct extension of part-whole knowledge (Educational Approach, Kieren-
Behr model).  The second path is through the corresponding procedural knowledge of multiplication 
and addition of fractions (Developmental Approach, APOS-model). Baker et al (2009) and 
Charalambous & Pitta-Pantazi (2007) have previously used quantitative analysis to test the 
Educational Approach of direct extension of part-whole knowledge to sub-construct knowledge of: 
ratio, operator, quotient and measure with resulting proficiency with procedural knowledge.  

Charalambous & Pitta-Pantazi (2007) conclude that for children knowledge of these different 
sub-constructs implies proficiency with fraction procedures. Baker et al (2009) conclude adults are 
more proficient with multiplication and addition than operator and measure.  

This suggests that for adults these concepts are not necessary for proficiency with procedural 
knowledge while leaving open the question of which hypothetical pathway to conceptual competency 
of operator and measure demonstrates more potential; the Educational Approach with its focus on 
direct extension of part-whole or the Developmental Approach with its focus on procedural 
knowledge. 

The results of this study demonstrate that part-whole knowledge and procedural knowledge of 
multiplication and addition represent separate pathways that complement one another in improving 
students' performance on tasks related to operator and measure.  
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In particular, when part-whole knowledge and procedural proficiency were used together as 
independent variables there were substantial increases in the percent of operator and measure 
explained over that explained by either variable alone.  This suggests that an ideal pedagogy would 
integrate the Educational and Developmental Approaches to benefit students' concept competency. 
This answers the second research question by verifying the separate cognitive pathways model of 
Gray & Tall (2001).  

Although both part-whole knowledge and procedural knowledge were significant variables in 
predicting operator and measure there were noticeable differences in the results for each concept.  In 
the case of operator, multiplication was much more influential than part-whole.  

This suggests that for adults, the Developmental Approach of procedures enabling concept 
knowledge as supported by the APOS model is more effective than the Educational Approach.   

In the case of measure, part-whole was more influential than addition this supports the 
Educational Approach of direct extension of part-whole knowledge and the Kieren-Behr model of 
concept development.  Thus, the answer to the first research question of which pathway to concept 
competency demonstrated more potential depends upon the concept under consideration.  

In summary, these contrasting results between operator and measure demonstrate the need for 
flexibility in models of concept development as provided by the two separate pathways approach in 
the Gray & Tall model.  Thus in addition to answering the first research question these results also 
highlight the substantial cognitive differences between children and adults reviewing fractions. For 
children the Educational Approach to operator was more appropriate while for adults the 
Developmental Approach was more suitable. Adults demonstrated a potential benefit through the 
integration of the Educational and Developmental approaches for both operator and measure that 
children did not.  Thus concept development appears to be effected by the concept under 
consideration as well as the age-status of the learner.  For this reason fraction pedagogy and curricula 
for adults needs to be developed independently from that for children and to provide maximum 
benefit for students should be tailored to the concept under consideration.  

In regards to the open question concerning the relationship between measure and addition this 
study found the correlation between these variables to be significant and relatively strong. Although 
part-whole was the most influential predictor of measure the increase in percent variation of measure 
explained when addition is included with part-whole is noticeable.  Thus adults see a relationship 
between measure and the additive structure of fractions which they have the potential to use in 
becoming competent with measure.  

In regards to the second research question concerning the relationship between the additive 
and multiplicative structures in supporting measure, the results suggest that measure is best 
understood as an extension of part-whole.  That being said, measure is closer to the multiplicative 
structure than the additive structure of fractions.  One possible reason measure is closer to the 
multiplicative structure than the additive structure is suggested by the qualitative analysis.  The 
student who used iteration to relate measure concepts to addition was not able to articulate her use of 
fractional equivalence.  In contrast the student who understood the concept of splitting was able to 
articulate fractional equivalence.  Splitting is closely related to multiplicative reasoning and it appears 
to be necessary for effectively relating measure to fractional equivalence and hence the addition 
algorithm.  For this reason, an individual's ability to relate measure to addition may be dependent on 
their multiplicative reasoning. 

 

Future Research and Pedagogy 

The result that measure is part of the multiplicative structure of fractions is unexpected given its 
connection to the additive structure in Figure 1. Further research is required to determine if all of the 
sub-constructs are part of the multiplicative structure of fractions.  
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This would provide support for the work of Thompson & Saldanha (2003) as well as Lamon's 
(2007) intuition in using the Kieren sub-constructs as a basis for proportional and multiplicative 
reasoning.   

In this study, the integration of the Educational and Developmental Approaches through part-
whole and procedural proficiency demonstrates potential benefit for students' concept competency.  
However, Mack (2000) raises the pedagogical issue of student reluctance to reflect upon mental 
processes when a procedural algorithm is available.  Her observation highlights the obstacles in 
developing a curriculum that successfully integrates these pathways. Although the development of 
such a curriculum remains a future endeavor we share some thoughts about how to design a pedagogy 
that integrates measure and addition while presenting students with a clear need for measure 
independent of the addition algorithm. 

One pedagogical approach designed to emphasize the measure sub-construct is to alternate 
layers of addition and measure tasks in the curriculum.  In this approach a critique of the group 
session is that it began and ended with the addition algorithm and this places to much emphasis on 
procedures.  This approach would simply add another layer of measure tasks after the addition 
exercises.   For example, asking students to place the improper fraction  on a number line labeled 

with; 0, 1, 2 and the fraction .  This would require the coordination of splitting and iteration to extend 
part-whole knowledge to measure and demonstrate to students the importance of these skills separate 
from addition of fractions. Another approach is design tasks that integrate measure and addition rather 
than layer them.   For example, asking students to locate or place the value of the expression:   more 

than  on the number line.  This task can be accomplished through the use of addition and measure 
concepts or exclusively through the measure concepts.   
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Appendix: Exercise Set 

 
Following the work of Cramer et al (2002) factor loadings of each exercises which tell us how closely 
the exercise correlates with the component it has been placed in is listed and the expectation is that 
each exercise will have a factor loading or correlation value of at least 0.4. 

The range of commonality values for the exercises-variables which indicates the percent of a 
variable's total variance that can be explained by the factors is listed.  

Ideally this value should be at least 0.4 preferably 0.5 and all exercises by the present authors 
are at the 0.4 level or above. However we take 0.2 as a cutoff for variables that were used in earlier 
studies in order not to change the sub-constructs so much that these results reflect upon those obtained 
previously.   

 

Addition & Subtraction 

Factor analysis revealed there were two factors for addition and subtraction of fractions.  The first 
component included addition of proper fractions.  

1) (†)       2) (†) =+
5
4

8
5

 

The second component contained the addition and subtraction of mixed number problems.  

3) (†)       4) (†) Subtract 13 
7
5

 from 20 

5) (†) 
4
33

6
14 − =                6) (†) ?

40
34

8
55 =+  

7) (†) Find the sum of  

 

Note, exercises 3, 4, & 5 which involve regrouping or borrowing and carrying over were added by the 
present authors to the earlier set used by Charalambous & Pitta-Pantazi (2007) and Baker et al (2009). 

(†) factor loading value above 0.4 or 16% of the variable explained by the factor (Cramer et al, 2002) 

The commonality values which indicate the percent of the variables explained by these factors ranged 
from 30% to 71% all but one above 40%. 

 

Multiplication and Division 

Multiplication and division contain one component with 7 exercises all of which have at least a 0.4 
loading factor value. 

1) (†) Simplify:  4
5
13 ÷          2) (†)  ?

8
54 =÷     

3) (†) 
3
4
×
1
5
=?                                                          4) (†) ?

2
12 =÷  

5) (†) ?
7
34

4
36 =×                                                    6) (†) =× 24

6
1
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7) (†) Find   ×  × 4000 

 

Note, exercises #1, 2, 7 & 8 were not in the earlier study of Charalambous & Pitta-Pantazi (2007) and 
Baker et al (2009).  

(†) Factor loading value above 0.4 or 16% of the variable explained by the factor (Cramer et al, 2002) 
Since there is only one factor the commonality values tell use the same thing as the factor loading 
values these values ranged from 20% to 40%. 

 

Operator 

There were two components to the operator sub-construct the first contained the input out boxes and 
taking a fraction of a quantity. The second component involved comparisons of statements about 
taking a fraction of a quantity and their equivalent statements using multiplication and division. 

 

Component #1  

 

1) (†)The following diagram represents a machine that 
outputs    of the input number. If the input number is 200 
then what is the output number? 

(Charalambous and Pitta-Pantazi, 2007, appendix) 

 

  

 

 

 

2) (†) The following diagram represents a machine that 

outputs 
5
1

of the input number. If the intput number is 480 

then what is the output number? 

 

 

 

 

 

3) (†) The following diagram represents a machine that 

outputs 
5
1

of the input number. If the output number is 200 

then what was the input number? 

 

 

 

 

INPUT
�

�
OUTPUT

INPUT/OUTPUT 
MACHINE

⅖

200

?

INPUT
�

�
OUTPUT

INPUT/OUTPUT 
MACHINE

⅕

480

INPUT
�

�
OUTPUT

INPUT/OUTPUT 
MACHINE

⅕
200

?
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4) (†) Find     5) (†) Find half of  1 ½ hours  

 

Component #2 

 

6) (†) Taking ¾ of a number is the same as dividing the number by 4 and multiplying this result by 3. 
True/False?  

7) (†) If we divide a number by 7 and multiply by 28 this is the same as multiplying by the fraction    
True/False? 

8) (†) If we divide a number by 2 and multiply by 5 this is the same as multiplying by the fraction  
True/False? 

Note, exercise  #3 involving the inverse and item #4 involving the iteration or composition of taking a 
fraction of a quantity were not in the earlier studies of Charalambous & Pitta-Pantazi (2007) and 
Baker et al (2009). 

(†) Factor loading value above 0.4 or 16% of the variable explained by the factor (Cramer et al, 2002) 

The commonality values which indicate the percent of the variables explained by these factors ranged 
from 22% to 71%. 

 

Measure  

In the measure sub-construct of a fraction, “first, it is considered a number … a quantitative 
personality of fractions, viz., how big the fraction is. Secondly, it is associated with the measure 
assigned to some interval…a unit fraction is defined 1/a and used repeatedly to determine a distance 
from a preset starting point...this means that students should be capable of locating a number on a 
number line and, conversely, be able to identify a number represented by a certain point on the 
number line.'' (Charalambous & Pitta-Pantazi, 2007, pp.299-300)  

 

Component #1 

 

# 1/2/3) Locate the following numbers on this number line, #1) (†)   #2) (†)     #3) (†)  

0 ⅓ 
 

 

 

Component #2  

 

4) (†) Locate the number one “1” on the number line below: Charalambous and Pitta-Pantazi, 2007, 
appendix) 
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5) Locate the number one “1” on the number line below: Charalambous and Pitta-Pantazi, 
2007,appendix) 

0 2 ¼ 
 

 

Component #1 and #2  

 

6) (†)Which of the following fractions is closest to one?  

a) 
3
2

           b) 
4
3

          c) 
5
4

            d) 
6
5

 

 

 

7) (†) Circle the smallest fraction. 

26
5)

23
4)

5
1)

13
3)

11
2) EDCBA  

 

(†)Factor loading value above 0.4 or 16\% of the variable explained by the factor (Cramer et al, 2002) 
All except #5 satisfied the 0.4 loading factor requirement. The factor loading value for #5 was only 
0.35 however, since it was part of the original set of exercises and increased reliability it was used in 
this set. Exercises #6,7 are listed in component #1 but could also be considered in component #2 that 
is they were found in both components.   The commonality values range from 20% which to 70% all 
except #5 were above 45%. 

 

Part-Whole 

“The part-whole sub-construct of fractions is defined as a situation in which a continuous quantity or 
a set of discrete objects are partitioned into parts of equal size.” (Charalambous & Pitta-Pantazi, 
2007,p.296) 

Part-Whole contained two components one that involved translations between pictures representing 
fractions to symbolic fraction notation and then back to an equivalent picture and the other involving 
one step translations between pictures and symbolic fraction notation. 

 

0 
7/8  
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Component #1 

 

The first set of problems involved two steps. The first involved naming the fraction given by a picture 
diagram and the second involved reversing this process. 

 

 

 

1a) (†)What fraction of the given stars is circled? 1b) (†)  Shade the number of boxes, so that  
 of the total boxes are shaded 

 

 

 

                                                        

 

               

        

 

 

2a) (†) Given a 2x3 rectangular array of boxes with one box shaded represent this as a fraction.  

2b) (†) Then the student is given a collection of 24 equal objects and asked to shade in the appropriate 
number to represent the fraction obtained in 2a.  

3a) (†) Three out of four equal objects are circled and the student is asked to identify what fraction of 
the objects are circled. 

3b) (†)Given a 4x4 square array of boxes the student is asked to shade in the appropriate number of 
boxes that represents the fraction obtained in 3a. 

4a) (†) Given a 2x3 rectangular array of boxes with 4 shaded the student is asked to determine which 
fraction is represented. 

4b) (†) Given 24 equal objects with 4 circled the student is asked to represent the fraction of objects 
circled. 

5a) (†)Given 16 equal object with 4 of them circled the student is asked what fraction of objects are 
circled. 

5b) (†)Given a 2x2 square array of boxes the student is asked to shade in the appropriate number of 
boxes to represent the fraction obtained in 5a. 

6a) (†) Given a 2x12 rectangular array of boxes with 4 shaded in the student is asked to represent the 
fraction shaded. 

6b) (†)Given 6 equal objects the student is asked to shade in the appropriate number of boxes to 
represent the fraction obtained in 6a. 

 

Component \#2 
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7) What fraction of the balls shown below 
are 7’s? (†) 

 

 

 

 

8)  What fraction of the total number of 7’s in the 
previous problem is represented by these three 
7’s?  (†) 

 

 

 

 

9) (†) Write the fraction of circled objects to total objects 

 

 

 

 

 

10) (†) What fraction of the circle is shaded? 

 

11) (†) If the following set of stars represents ⅔ of all the 
stars that Mark sees in the sky how many stars does he 
see? 

 

 

 
 

(Charalambous and Pitta-Pantazi, 2007, appendix) 

 

(†) Factor loading value above 0.4 or 16% of the variable explained by the factor (Cramer et al, 2002)  

The commonality values ranged from 25% to 71% with only the inverse exercises #11 less than 57%. 

 

 
 


