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Background & introduction 
PISA and ALLS/PIAAC frameworks 

 Both about using mathematics to solve problems 
encountered in real-life/realistic contexts 

 Different but related constructs and descriptions 

 PISA – 15 yos in 67 countries – last cycle 2012 
where mathematical literacy was the major domain 
assessed 

 ALLS/PIAAC - 16-64 yos – in approx 35 countries – 
last cycle 2011 (with second wave coming) 



Definitions: 

PIAAC: Numeracy is the ability to access, use, interpret, and communicate 

mathematical information and ideas, in order to engage in and manage the 

mathematical demands of a range of situations in adult life. 

PISA: Mathematical literacy is an individual's capacity to formulate, employ 

and interpret mathematics in a variety of contexts. It includes reasoning 

mathematically and using mathematical concepts, procedures, facts and 

tools to describe, explain and predict phenomena. It assists individuals to 

recognise the role that mathematics plays in the world and to make the well-

founded judgments and decisions needed by constructive, engaged and 

reflective citizens. 

Background & introduction 



Background & introduction 
ALLS/PIAAC complexity scheme 

One of the (many) surprises/lessons when I started 
working on ALLS was that you did NOT proceed with 
writing test items/questions without two key things: 

 an agreed theoretical framework and structure to 
describe what you are assessing, and 

 a theoretical construct that will enable you to 
predict, in advance of an assessment actually taking 
place, how difficult each item is and that this needs 
to be validated empirically.  



Origins of difficulty/complexity 
schemes 

 Both independently developed their own item 
difficulty/complexity schemes 

 What makes items more or less difficult? 

 What do you do when you solve a numeracy/ML problem?  

 What steps and processes do you use to solve  a problem? 

 What makes it more difficult (or could have made it difficult) 
for a student? 

 Both schemes correlate well with actual item difficulty 

 

 



Solving a numeracy problem 

Joe measures the depth of a road to 
be filled with asphalt. It needs to be 
225 mm deep (= the compacted 
thickness). 

He knows that the loose thickness 
needs to be 20% more than the final 
compacted thickness.  

How high must the “loose” asphalt 
be prior to compacting by the roller? 

Loose 

thickness Compacted 

thickness 

+20% 

 What skills and knowledge did you 
need to use to solve the problem? 

 How did you work it out? 

 What factors would or could make this 
difficult for a student? 



The ALL/PIAAC Complexity Scheme 

Literacy 
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The ALL/PIAAC Complexity Scheme 
Complexity Factor 1. Type of match/problem transparency 

How difficult is it to identify and decide what action to take? How many literacy 

skills are required? 

1 2 3 

In the question and the stimulus, 
the information, activity or 
operation required: 

- is clearly apparent and 

explicitand all required 

information is provided 

- is specified in little or no text, 

using familiar objects and/or 

photographs or other clear, 

simple visualizations 

- is about locating obvious 

information or relationships 

only 

- closed questionnot open-

ended 

In the question and the 
stimulus, the information, 
activity or operation required: 

- is given using clear, simple 

sentences and/or 

visualizations where some 

translation or interpretation 

is required  

- is located within a number of 

sources within the 

text/activity. 

 - fairly closed question 

In the question and the stimulus, 
the information, activity or 
operation required: 

- is embedded in text where 

considerable translation or 

interpretation is required  

and/or 

- may need to be derived or 

estimated from a number of 

sources within or outside the 

text/activity 

and/or 

- the information or action 

required is not explicit or 

specified 

- more complex, open-ended task 



The ALL/PIAAC Complexity Scheme 
Complexity Factor 2. Plausibility of distractors 

How many other pieces of mathematical information are present? Is all the 

necessary information there? 

1 2 3 

- no other mathematical 

information is present apart 

from that requestedno 

distractors  

- there is some other 

mathematical information in 

the task that could be a 

distractor 

- the mathematical information 

given or requested can occur 

in more than one place 

- may need to bring to the 

problem simple information 

or knowledge from outside 

the problem. 

- other irrelevant mathematical 

information  appears 

 - mathematical information 

given or requested appears in 

several places. 

- necessary information or 

knowledge is missing, so 

outside information or 

knowledge needs to be 

brought in 



The ALL/PIAAC Complexity Scheme 
Complexity Factor 3. Complexity of mathematical information/answer required 

How complex is the mathematical information that needs to be manipulated? 

1 2 3 4 5 

Quantity 

Whole numbers to 

1,000 

Fractions, decimals, 

percents 

- benchmark fractions 

(1/2, 1/4, 3/4) 

- decimal fraction for 

a half only (0.5) and 

equivalent as a 

percentage (50%) 

-   large whole 

numbers including 

millions  

-   other benchmark 

fractions, like 1/3 and 
1/10 

-   common decimals, 

like 0.1, 0.25 to 2 

decimal places 

-   common whole 

number percents, 

like 25% and 10%. 

- large whole 

numbers 

including billions  

- other fractions 

- decimals to 3 

decimal places 

(other than 

money) 

- all whole number 

percents 

-  negative integers  

-  all remaining 

fractions, 

decimals and 

percentages  

-  all remaining types of 

rational (and some 

irrational) numbers 

including directed 

numbers 

Pattern and 

relationship 

- very simple whole 

number relations 

and patterns 

 

- Plus more described 

 

-   simple whole 

number rates  and 

ratios 

-   whole number 

relations and patterns 

- rates and ratios 

- relations and 

patterns including 

written everyday 

generalizations 

- complex ratios, 

relations, 

patterns  

- simple formula 

-  formal mathematical 

information such as 

more complex 

formulae, knowledge 

of relationships 

between dimensions 

or variables, etc 



The ALL/PIAAC Complexity Scheme 
Complexity Factor 4. Complexity of Type of operation/skill 

How complex is the mathematical action that is required? 

1 2 3 4 5 

Compute 

-  a simple 

arithmetical 

operation (+, -, x, 

) with whole 

numbers or 

money 

-  calculating 

common fraction, 

decimal fraction 

and percentages of 

values 

-  using common 

rates (e.g. $/lb.); 

time calculations; 

etc 

-  changing between 

common equivalent 

fraction, decimal 

and percent values, 

including for 

measurements e.g. 
1/4 kg = 0.250kg 

-  more complex 

applications of the 

normal arithmetical 

operations such as 

calculating with 

fractions and more 

complex rates, 

ratios, decimals, 

percentages, or 

variables 

- simple probability 

calculations 

-   applications of other 

mathematical 

operations such as 

squares, square roots, 

etc 

-  more advanced 

mathematical 

techniques and 

skills e.g. 

trigonometry 

Plus more 

described 



The ALL/PIAAC Complexity Scheme 

Complexity Factor 5. Expected number of operations 

How many steps and types of steps are required? 

1 2 3 

one operation, action or process application of two or three 

steps, the same or similar 

operation, action or process 

integration of several steps 

covering more than one 

different operation, action or 

process 



Sample item: ‘Climbing Mt Fuji’ 

Mount Fuji is a famous dormant volcano in Japan. 

 

Question 2: CLIMBING MOUNT FUJI  
The Gotemba walking trail up Mount Fuji is about 9 

kilometres (km) long. 

Walkers need to return from the 18 km walk by 8 pm. 
 

Toshi estimates that he can walk up the mountain at 1.5 

kilometres per hour on average, and down at twice that 

speed. These speeds take into account meal breaks and 

rest times. 
 

Using Toshi’s estimated speeds, what is the latest time he 

can begin his walk so that he can return by 8 pm? 

 

1. Type of match/problem 
transparency (1-3) 

 

2. Plausibility of distractors (1-3) 

 

3. Complexity of mathematical 
information/answer required (1-5) 

 

4. Complexity of Type of 
operation/skill (1-5) 

 

5. Expected number of operations 
(1-3) 

 



What is required for ‘Climbing Mt 
Fuji’? 

1. Type of match/problem 
transparency (3) 
 embedded in text where 

considerable translation or 
interpretation  is needed 

2. Plausibility of distractors (2) 

 Need to select and use the right 

mathematical information  from 

different sources embedded in 

the task and bring to the 

problem knowledge from 

outside the problem 

(relationship between s, d and 

t). 

3. Complexity of mathematical 
information/answer required (4) 
 Use of simple formula 

4. Complexity of Type of 
operation/skill (2) 
 Calculations with variables  

5. Expected number of 
operations (3) 

 integration of several steps covering 

more than one different process 

Score: 14 / 19 



PISA: The processes in solving a ML problem 

Challenge in real world context 

Mathematical thought and action 

Problem in 
context 

Results in 
context 

Mathematical 
problem 

Mathematical 
results 

Formulate 

Employ 

Interpret 

Evaluate 

Mathematical content categories: Quantity; Uncertainty & data; Change & relationships; Space & shape 
Real world context categories: Personal; Societal; Occupational; Scientific 

Mathematical  concepts, knowledge  and skills 
Fundamental mathematical capabilities: Communication; Representation; Devising 
strategies; Mathematisation; Reasoning and argument; Using symbolic, formal and technical 
language and operations; Using mathematical tools 
Processes : Formulate, Employ, Interpret/Evaluate 



 
 
 
 
 

PISA: Fundamental mathematical 
capabilities 

Six Fundamental Mathematical Capabilities now 
described in the PISA framework 
 Representation 
 Mathematising 
 Devising Strategies 
 Using Symbolic, Formal and Technical Language and 

Operations 
 Communication 
 Reasoning and argument 
 
Each one is described using a rating of 0 through to 3. 

 



Mathematising 

Transform a real world 
problem into a 
mathematical problem 

 Structuring, idealising, 
making assumptions, 
building a model 

Interpret mathematical 
objects or information in 
relation to the situation 
represented 

 evaluate or validate a 
solution in relation to the 
original problem 

Create a model where decisions 
needed about assumptions, 

variables, relationships, constraints 

Modify or use a given model to 
satisfy changed conditions or 

interpret inferred relationships; 
choose or create a model within 

clear and explicit constraints 

Interpret from given model; 
translate directly from a situation 

into mathematics (structure, 
variables and relationships given) 

Situation is purely intra-
mathematical; or relationship 

between situation and model is not 
relevant to the problem 

0 

1 

2 

3 



Representation 

• Interpreting and using, or 
devising depictions of 
mathematical objects or 
relationships: equations, 
formulae, graphs, tables, 
diagrams, … 

 Interpreting, translating between, 
and making use of given 
representations 

 Selecting or devising representations 
to capture a situation or to present 
one’s work 

Understand and use multiple 
representations; substantial 
decoding and interpretation; 

compare or evaluate; or devise a 
representation for complex 

situation 

Understand and use a 
representation, substantial 

decoding and interpretation; or 
translate between and use two or 

more mathematical 
representations; devise a simple 

representation 

Explore or use one standard or 
familiar representation in relation 
to a mathematical situation e.g. 

to compare data, depict or 
interpret a trend 

Directly handle a given 
representation where minimal 
interpretation is required; e.g. 

read a value from graph or table 

0 

1 

2 

3 



Devising strategies 

• Selecting or devising, and 
controlling the 
implementation of, a 
mathematical strategy to 
solve problems arising 
from the task or context 

 Planning and metacognitive 
control process 

Take direct actions, where the 
strategy needed is stated or obvious 

Find a straight-forward (single step) 
strategy that combines relevant 
information to reach a result or 

conclusion 

Devise a straight-forward multi-
stage strategy; requiring targeted 

and controlled processing to reach 
a conclusion 

Devise an extended, multi-stage 
strategy; involves substantial 

monitoring and control; or 
evaluate or compare strategies 

0 

1 

2 

3 



Using symbolic, formal 
and technical language 
and operations 

• Understanding, 
manipulating, and making 
use of symbolic 
expressions; using 
constructs based on 
definitions, rules and 
conventions, formal 
systems 

Multi-step application of formal 
procedures; flexible algebra work; 

using both technique and 
knowledge; repeated or sustained 

L2 calculations 

Use and manipulate formulae; 
activate and use rules, definitions, 

conventions, procedural knowledge; 
repeated or sustained L1 

calculations 

Linear relationships, direct 
substitution, sustained arithmetic 
calculations involving fractions or 

decimals 

Activate only elementary facts, rules, 
terms, expressions, definitions (for 
example calculations are few and 
involve operations with small or 

easily tractable numbers) 
0 

1 

2 

3 



Communication 

Incoming 

 Reading, decoding, 
interpreting statements and 
mathematical information 
• Very common expectation 

Outgoing 

 Explaining, presenting, 
arguing 
• Not so common, and very 

difficult for many students 

Understand short phrases, single idea, 
familiar concepts, all relevant, in matching 

order (information and action); 

Presentation of simple result 

Identify, select and combine information, 
(e.g. use links the material provided);  

Present short statement or calculation 

Use repeated cycling to understand, 
decode and link multiple elements of the 

task;  

Actively communicate description or 
explanation 

Recognise and interpret logically 
complex relations, combine multiple 

ideas and connections; 

Present explanation or argument that 
links multiple elements 

0 

1 

2 

3 



Reasoning and 
argument 

• Logically rooted thought 
processes that explore and 
link problem elements to 
make inferences from 
them; or to check a given 
justification; or to provide 
a justification 

Make direct inferences from 
the given information and 

instructions 

Connect information to make 
inferences (e.g. link separate 

components;  use direct 
reasoning within one aspect of 

a problem) 

Analyse information, connect 
variables, follow or create a 
multi-step argument; reason 

from linked information 
sources 

Synthesise and evaluate, use 
or create chains of reasoning 
to justify inferences or make 

generalisations; draw on 
multiple elements of 

information in a sustained and 
directed way 

0 

1 

2 

3 



Sample item: ‘Climbing Mt Fuji’ 

Mount Fuji is a famous dormant volcano in Japan. 

 

Question 2: CLIMBING MOUNT FUJI  
The Gotemba walking trail up Mount Fuji is about 9 

kilometres (km) long. 

Walkers need to return from the 18 km walk by 8 pm. 
 

Toshi estimates that he can walk up the mountain at 

1.5 kilometres per hour on average, and down at 

twice that speed. These speeds take into account 

meal breaks and rest times. 
 

Using Toshi’s estimated speeds, what is the latest 

time he can begin his walk so that he can return by 8 

pm? 

 

Strategy? 

  

Mathematisation? 

 

Symbols and formalism? 

 

Communication? 

 

Reasoning and argument? 

 

Representation? 

 



What is required for ‘Climbing Mt 
Fuji’? 

Follow a multi‐step strategy to interpret information, formulate and use a 
model that connects given time, speeds, and distance, and implement a time 
calculation 

Strategy (3) 
 Devise an extended, multi-stage 

strategy 

Mathematisation (2) 
 Convert ‘real’ situation into 

mathematical knowledge 

Symbols and formalism (2) 
 Need to understand and use 

speed, distance, time 
relationship 

Communication (1) 
 Need to read, interpret and 

combine information 

Reasoning and argument (2) 
 connect variables, follow or 

create a multi-step argument 

Representation (0) 

 Little formal mathematical 
representation 

Score: 10 / 18 

Level 5/6 (TBC) 



Implications – teaching and learning 

Be explicit about these factors/competencies 
in your teaching: 

 Promote teaching maths in context 

 You are a literacy and language teacher 

 Encourage active use and understanding of 
mathematical representations 

 Promote modelling 

• Mathematising the context 

• Extracting the maths from the context 

• Interpreting the results in relation to the context 

 



 Create your own problems (use elements 
from the schemes to develop different levels 
of items) – start each lesson with a problem 
based within the content area you are 
currently teaching 

 Teach students how to “read” the problem 
and about the different strategies too 

 Keep a word/vocab list – use cloze activities, 
do word finds, etc. 

 

 

Implications – teaching and learning 



Implications – teaching and learning 

Communication and reasoning/argument skills 
need to be developed consciously 

Promote mathematical communication 

• Expressing mathematical thinking and reasoning 

• Listening and responding to expressions of the 
mathematical thinking of others 

• Explaining and arguing a case using mathematics  

• Verbally and in writing 



Questions 
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